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Abstract. The importance of explicit examples of Lagrangian submanifolds 
of moduli spaces is revealed by papers such as [9] 125] : given a 3-manifold 
M with boundary dM = £, Dostoglou and Salamon use such examples to 
obtain a proof of the Atiyah-Floer conjecture relating the symplectic Floer 
homology of the representation space Hom(7ri(E = dM),U)/U (associated 
to an explicit pair of Lagrangian submanifolds of this representation space) 
and the instanton homology of the 3-manifold M. In the present paper, we 
construct a Lagrangian submanifold of the space of representations M 9i i '■= 
Homc(7r g ;, U)/U of the fundamental group n g ; of a punctured Riemann sur- 
face S gj ; into an arbitrary compact connected Lie group U. This Lagrangian 
submanifold is obtained as the fixed-point set of an anti-symplectic involution /3 
defined on M g ,i- We show that the involution j3 is induced by a form-reversing 
involution j3 defined on the quasi-Hamiltonian space (U X U) 3 X C± X ■ ■ ■ X C\. 
The fact that j3 has a non-empty fixed-point set is a consequence of the real 
convexity theorem for group- valued momentum maps proved in 28 . The no- 
tion of decomposable representation provides a geometric interpretation of the 
Lagrangian submanifold thus obtained. 



1. Introduction 

The purpose of this article is to give examples of Lagrangian submanifolds in 
the moduli spaces 

M g ,i :=Romc(7r g ,i,U)/U 

where 

9 I 

TT gt l .=< OH, 0!, ...,a g ,(3 g ,~f!, ... ,7; I JJ[Q!i,A] Y[lj = 1 > 

1=1 j=l 

is the fundamental group of a Riemann surface := S s \{si, ... , s/} with g holes 
(.9 > is the genus of the compact Riemann surface E ff ) and I punctures (I > 0), 
and U is an arbitrary compact connected Lie group. Let us explain how we intend 
to proceed. 

The above-mentioned moduli spaces A4 g j = Homc(Tr g .i,U)/U are the spaces of 
(equivalence classes of) representations of the fundamental group ir g< i := 7Ti(£ Sj ;) 
of a Riemann surface := £ 9 \{sx, ... , si} where E g is a compact Riemann surface 
of genus g > 0, where I is an integer I > (with the convention that £ s , '■— S s ) and 
where si, ... , s/ are I pairwise distinct points of S g . These representations varieties 
have been an important object of study for several decades now, and are located 
at the intersection of various areas of mathematics, each of which is very rich and 
sheds interesting light on these spaces. Thus, the space 

Rep(7r ffii ,l0 : =Hom(7r Sii ,U)/U 
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of equivalence classes of representations of 7r gi ; in a Lie group U arises naturally in 
complex algebraic geometry as it can be identified to the space of equivalence classes 
of holomorphic vector bundles on £ gj z, as was shown by Narasimhan and Seshadri 
in the 1960s (see [23]). At the beginning of the 1980s, Atiyah and Bott gave a new 
direction to the subject (see [7]) by identifying these spaces as the moduli spaces 
of flat connections on principal bundles of group U on £ 9 ,j, thereby revealing the 
importance of the representation varieties in gauge theory. 

In this paper, we chose to investigate the symplectic structure of these representa- 
tion spaces. This symplectic structure can be obtained and described in a variety of 
ways (see for instance [T3J H3 [5J [22] ) > each of which has its own advantages. The 
description given by Alekseev, Malkin and Meinrenken in [5] will prove particularly 
well-suited for our study of representations of 7r s ^ . This description rests on the 
notion of quasi- Hamiltonian space, which enables one to avoid infinite-dimensional 
manifolds while limiting oneself to relatively simple objects to construct a symplec- 
tic form on representation varieties. 

To be able to be more precise in our statements, let us recall that the group 
7Tg,i = 7r i(^£/\{ s i! •■■i s i}) admits the following finite presentation by generators 
and relations: 

g i 

Tr g j =< ai,/3i, ... ,a g ,f} g ,~ju ... ,7; | JJ[a<;,A] JJ7, ■ = 1 > 

»=i j=i 

In this presentation, a±,/3i, ...,a g ,(3 g stand for homotopy classes of non-trivial 
loops in the compact Riemann surface E 9 , and 71, ... ,7; stand for homotopy classes 
of loops around the punctures si, ... , s/ ( / fj wraps one time only around Sj and not 
around any other Sfc). Let U be a compact connected Lie group. We denote by 

Rom(n gt i, U) := {p : n g j — ► 11} 

the set of group morphisms of ir into U. Elements of Hom(7r g .;, U) are also called 
representations of ir g ^i into U. By choosing generators of 7r a ^ , one may identify 
Hom(7r gi ;, U) with a subset of U 29+l : 

Hom(7r g! i, 17) 

9 l 

~ {(01, 6i, ...,a g ,b g ,c u ...,q) G U 29+l I 1J ^ J[r =1}C U 2a+l . 

i=i j=i 

Two representations p = {a\, bi, ... , a g , b g , c\, ... , q) and p' = (a'±, b[, ... , a', b' g , c[, 
■ ■.c[) of TT g j into U are said to be equivalent if there exists an element tp G U 
such that a'i = ipaiip^ 1 ,b^ — ipbiip^ 1 and = ipcjkp~ l for all i and j. In other 
words, the representations p and p' are equivalent if they are in a same orbit of 
the diagonal conjugation action of U on U 29+l (since this action preserves the re- 
lation n[ a i'^i]ri c j = 1> ^ leaves Hom(7T g! /, U) stable). When U C Gl(V) is a 
group of linear transformations, this is indeed the same notion as equivalence of 
linear representations. In order to obtain symplectic structures on the orbit space 
Hom(7r g ,i, U)/U of this action (that is, the space of equivalence classes of represen- 
tations), one has to fix the conjugacy classes of the generators ci, ... , cj representing 
homotopy classes of loops around the punctures si, s/ (see for instance [B]). Oth- 
erwise, one only obtains a Poisson structure (see for instance [5]). Observe that the 
conjugacy classes of the a%, bi need not be fixed. Let us now denote by C±, ... ,Ci a 
collection of I conjugacy classes of U and study the set 



Hovac{-K g ,i,U) 
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a i 

:= {(ai,6i, ...,a g ,b g ,d, ... ,q) e (U x U) 9 x d x ■ • • x C; | JJ[ai,6i] c j = l } 

i=i j=i 

C (U x U) 9 x Ci x • ■ ■ x Ci 

which is a (possibly empty) subset of the set Hom(7r g .i, U) C (U x x U , In 
all of the following, we will assume that the conjugacy classes C\, ... , Ci of U are 
chosen in a way that Homc(7r g ^, U) ^ 0. When g = (that is, for the case of the 
punctured sphere group), giving necessary and sufficient conditions for this to be 
true is a difficult problem (see for instance pQ). When g > 1, however, and if U 
is semi-simple, one always has Home (71^2, U) ^ (see [IT]). Since each conjugacy 
class Cj is preserved by the conjugacy action, the set Home (7^, U) is stable under 
the diagonal action of U. Then, the representation variety (or representation space) 
is by definition the orbit space 

Re Pc( 7r 9,i> u ) '■= Hom c (tt 9! ;, L/)/t/ 
of this action. From now on, we will call representations of -Kgj into U the elements 
of Komc(TTg y i, U) (meaning that we will assume that c%, ... , q lie in prescribed con- 
jugacy classes). To avoid confusion, we will denote the space of equivalence classes 
of such representations by 

M g ,i :=Romc(TT g ,i,U)/U 

and call it the moduli space associated to 7r ff ^ . For a generic choice of conjugacy 
classes (Cj)i<j<i, the moduli spaces A4 g .i (I > 1) are smooth symplectic manifolds. 
Here, by a generic choice we mean conjugacy classes of maximal dimension: Cj is 
the conjugacy class of an element Cj £ U whose centralizer Z(cj) is a maximal 
torus of U (if U = U(n), this means that Cj has pairwise distinct eigenvalues). 
For special choices of conjugacy classes however, these moduli spaces are stratified 
symplectic spaces in the sense of Lerman and Sjamaar (see |20j and |15j). To us, 
this will simply mean that M g ,i is a disjoint union of smooth manifolds (of different 
dimensions) called strata, each of which carries a symplectic structure. Recall from 
[H] that the moduli space M. g ,i is the quasi-Hamiltonian quotient 

M g ,i = ^\{1})/U 

associated to the quasi-Hamiltonian space M := (U x U) 9 x C\ x • • • x Ci with 
momentum map 

fj, : (U x U) x • • • x (U x U) x C x x • • • x Ci — ► U 

a 1 

(01,61, ... ,a g ,bg,ci, ... ,q) 1 — > JJ[o»)6i] Cj 

1=1 3=1 

which is one possible way of seeing that M 9: i carries a symplectic structure (we 
shall come back to this in section[3|). A quasi-Hamiltonian quotient is often denoted 
by: 

M//U:=fx-\{1})/U. 
As mentioned earlier, our objective is to give an example of a Lagrangian sub- 
manifold in the moduli space M 9t i for any g, I > and for an arbitrary compact 
connected Lie group U. While the meaning of the term Lagrangian submanifold is 
clear when M g ,i is a smooth symplectic manifold, the possibly singular analogue 
still lacks, as far as we know, a precise definition when M g ,i is a stratified symplectic 
space. Let us propose the following one: 

Definition 1.1 (Stratified Lagrangian subspace of a stratified symplectic space). 
Let N = Uj<=jXj be a disjoint union of symplectic manifolds (for instance, N — 
M//U a quasi-Hamiltonian quotient). A subset L C N satisfying: 
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(i) L ? 0. 

(ii) if L H Xj 7^ i/ien L n Xj is a Lagrangian submanifold of the symplectic 
manifold Xj . 

is called a stratified Lagrangian subspace of N. 

Thus, a stratified Lagrangian subspace of M. g ,i is a non-empty subset of M. g ,i 
whose intersection with each stratum, if non-empty, is a Lagrangian submanifold 
of the considered stratum. Since the moduli spaces M g ,i (I > 1) are smooth 
symplectic manifolds for a generic choice of conjugacy classes (Cj)i<j<i, we will 
often, when speaking informally, talk about a Lagrangian submanifold of M. g j,. In 
the statements of our results, however, we will consistently identify which objects 
are smooth symplectic manifolds and which objects are stratified symplectic spaces. 
In the latter case, we will use the terminology stratified Lagrangian subspace to refer 
to the possibly singular analogue of a a Lagrangian submanifold in that context (see 
definition [TTTJ) . The path we will follow to find a Lagrangian submanifold of the 
moduli space M. g ,i — Home(7r g .i, U)/U consists in: 

1. introducing a notion of decomposable representation of ir g: i into U. 

2. characterizing these representations in terms of an involution (3 defined on 
M= {U x U) 9 xCi x ••■ xCi. 

3. showing that this involution /3 induces an involution on the moduli space 
M. g ,i = Homc(Tr g ,i, U)/U = M / /U whose fixed-point is a Lagrangian sub- 
manifold Of Mg,l- 

In section [51 we will define decomposable representations of w g j into U (definition 
12. 6p . Since the notion of decomposable representations is somewhat unfamiliar, 
let us mention here that it is distinct from the notion of reducible or irreducible 
representation: a given representation of 7r ff ^ into U might be decomposable or not 
regardless of whether it is irreducible. As a matter of fact, an interesting question is 
to ask whether there always exist, for given 7t Sj ; and U, irreducible representations 
of ir g j into U which are decomposable. As we shall see in subsection l6.3[ this turns 
out to be always true when (g = and I > 1) or {g > 1 and 1=0), and generically 
true when [g > 1 and I > 1). Having defined decomposable representations, our 
task will then be twofold: first, we will have to obtain a characterization of these 
decomposable representations in terms of an involution (3 defined on the quasi- 
Hamiltonian space M = (U X U) 9 X C\ X • • • X C; (theorem 14. 12|) and then we 
will have to prove that decomposable representations always exist (theorem I5.16|) . 
The existence problem is the more difficult of the two: the proof that decomposable 
representations always exist rests on their characterization in terms of an involution 
and on a real convexity theorem for group- valued momentum maps obtained in [28] . 
More precisely, recall that the moduli space M g j is the quasi-Hamiltonian quotient 

M g , l =M//U = ^ 1 {{l})/U 

where M is the quasi-Hamiltonian space M = (U X U) 9 x Ci x • ■ ■ x C|, with 
momentum map 

g i 

fx(ai,bx, ...,a g ,b g ,cx, ... ,q) = JJ[a»,fy] cy. 

i=l j=l 

We will define an involution [3 on M such that a representation 

(a, 6, c) G C (U x U) 9 x d x • • • x C t 

is decomposable if and only if /3(a, 6, c) = </?.(a, b, c) for some symmetric element ip 
of U (with respect to a fixed involutive automorphism r of U, see theorem I4.12p . 
and we will show that j3 satisfies sufficient conditions for it to induce an involution 
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$ on M.g t i = n 1 ({1})/U ( see proposition 13. 5p . We will then use the real convexity 
theorem of [H] to prove that /Lt _1 ({l}) (~l Fix(f3) ^ 0, which will imply that $ 
has a non-empty fixed-point set. Combining this with the fact that j3 reverses the 
2-form defining the quasi-Hamiltonian structure on M (proposition I4.10j) we will 
finally prove that Fix{(3) is a stratified Lagrangian subspace of the moduli space 
■Mg,i — (i~ 1 ({l})/U '. The main result of this paper is theorem |6.1| which we now 
state to summarize the above: 

Theorem 1.2 (A stratified Lagrangian subspace of M g j). For any compact con- 
nected Lie group U and any integers g,l > 0, the involution j3 : M — ► M in- 
troduced in definition \4-l\ induces an involution (3 on the moduli space M. g ,i = 
Homc(7r 9j ;, U)/U of representations of the surface group Wgj = 7Ti(E s \{si, ... , s;}) 
into U whose fixed-point set Fix((3) is a stratified Lagrangian subspace of M. g ,i- Ln 
particular, for a generic choice of conjugacy classes (Cj)i<j<i, the set Fix{(3) is a 
Lagrangian submanifold of the smooth symplectic manifold M. g ,i (I > 1 ). 

In section [7j the last one of this paper, we will give an application of the re- 
sults obtained when characterizing decomposable representations of the fundamen- 
tal group iri(S 2 \{si, ... ,s;}) of a punctured sphere in terms of an involution f3 
(defined, in this case, on the quasi-Hamiltonian space C\ x ■ • • xCi). The result we 
will obtain there (theorem 17. 2|) can be thought of as an analogue of Thompson's 
problem in the case of a compact connected Lie group. We will underline the anal- 
ogy with the symplectic geometry of Thompson's problem as it is treated in [3J. 
Other examples of Lagrangian submanifolds of representation spaces are given 
in [T5] and [IB]- In this last reference [H], Ho also obtains such a Lagrangian 
submanifold by constructing an anti-symplectic involution on the moduli space 
M. g fi = Home(7r gi 0j U)/U of representations of the fundamental group of a com- 
pact Riemann surface of genus g > 1. 

2. The notion of decomposable representation 

In this section, we give the definition of decomposable representations of surface 
groups (see definition [2T6J) . We begin with a special case: the case of the fundamen- 
tal group 7To,i of an Z-punctured sphere (case g — 0). The purpose of doing so is to 
stress that the notion of decomposable representations when g > 1 is derived from 
the case where 5 = 0. In the latter case, this notion has a simple geometric origin 
and was first introduced by Falbel and Wentworth in their study of representations 
of the fundamental group ir gt o of a punctured sphere into the unitary group U (n) 
(see Their approach (for the group 7r 5 .o) was generalized to arbitrary com- 

pact connected Lie groups (U, r) endowed with an involutive automorphism in |29j . 
After reviewing this in subsection l2.f [ we will introduce the notion of decomposable 
representation for surface groups itgj with g > 1 in subsection 12.21 

2.1. The case of the punctured sphere group. As mentioned above, the no- 
tion of decomposable representation in the case of the fundamental group of the 
punctured sphere is due to Falbel and Wentworth when U = U(n) (see jTT] , where 
decomposable representations are called Lagrangian representations) . For this no- 
tion to make sense in an arbitrary compact connected Lie group U, we assume that 
this group U is endowed with an involutive automorphism r. In fact, we shall make 
a further assumption on r, which will be crucial to obtain the characterization 
of decomposable representations in terms of an involution (3 (see remark 14. lip as 
well as to prove their existence (see remark [5^1) . Namely, we will assume that the 
involution t satisfies the following condition: 
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Definition 2.1 (Involutive automorphism of maximal rank). Let U be a compact 
connected Lie group. An involutive automorphism r of U is said to be of maxi- 
mal rank if there exists a maximal torus T C U fixed pointwise by the involution 
t~ (u) := t(u -1 ). 

Proposition 2.2. Let U be a compact connected Lie group. Then there always 
exists an involutive automorphism of maximal rank ofU. 

Proof. We refer to [H] for the proof: the involution r is the restriction to U of 
the involution on the complexification U c of U defining the non-compact dual 
G = Fix{r) C U c of U. The term maximal rank refers to the fact that the 
symmetric space U / Fix(r\u) is of maximal rank. □ 

Remark 2.3. In the following, the Lie algebra u = Lie(U) = 7\C7 of our compact 
connected Lie group U will always be endowed with an Ad-invariant scalar product 
(. | .). We will assume that this scalar product is chosen such that T\t : u — ► u is 
an isometry. 

As an example, one can think of (U = U(n), t(u) — u), so that t~(u) = u and 
the maximal torus of U (n) consisting of diagonal unitary matrices is fixed pointwise 
by t - . In this case, U c — Gl(n,C) and G — Gl(n,M.). As a Ad-invariant scalar 
product on u(n), one may choose (X|Y) = —tr(XY), for which complex conjugation 
is an isometry. Observe that if r is an arbitrary involutive automorphism of a 
compact connected Lie group U , there always exists a torus fixed pointwise by t~ 
but it is not necessarily a maximal torus (hence the term maximal rank, in the 
latter case). In the following, we will only consider symmetric pairs (U,t) such 
that r~ satisfies the assumptions of definition 12.11 above. In particular, we have: 

Lemma 2.4. If r is an involutive automorphism of maximal rank of U , then the 
involution t~ : u G U i— » r(u _1 ) sends a conjugacy class C C U into itself. 

Proof. This follows from the fact that there exists a maximal torus T of U which 
is pointwise fixed by t~. Indeed, if we take u G C, then u = vdv for some v G U 
and some d G T. Then t~(u) — r(w)r _ (d)r _ (v) = r{v)dr~ (v) is conjugate to d 
and therefore to u. □ 

Definition 2.5 (Decomposable representations of tti(S 2 \{sx, ... , sj})). Let (U,t) 
be a compact connected Lie group endowed with an involutive automorphism t of 
maximal rank. A representation (ci, ... cj) of the group ttq.i — m(S \{s±, ... ,si}) 
into U is called decomposable if there exist I elements wi, ... , wi G U satisfying: 

(i) r(wj) — wj 1 for all j (each Wj is a symmetric element of U with respect 
tor). 

(ii) ci = W1W2 1 , c 2 = W2W3 1 , ... , ci = wiw^ 1 . 

For details on the geometric origin of this definition, we refer to when 
U = U(n), the decomposition Uj — WjwJ +1 is equivalent to saying that Uj is a 
product Uj = OjOj+\ of orthogonal reflections with respect to Lagrangian subspaces 
of C ra (hence the name Lagrangian representation in [H]). Recall that 

ttoj = ni(S 2 \{si, ... ,si}) =< 71, ... ,7/ I 71. ..7; = 1 > 

and observe that if c±, ...,ci satisfy condition (ii) in definition 12.51 above, they 
automatically satisfy ci...c; = 1. Condition (i) requires additionally that each 
generator Cj be a product of two symmetric elements: Cj — WjW~ +1 with r~(wj) — 
Wj and T~(uij + i) = Wj+\. 
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2.2. The case of an arbitrary surface group. Wc will now derive the definition 
of decomposable representation for an arbitrary surface group ir g ^i from definition 
12.51 above. Recall that 

Kg,l = 7Tl(E ff \{si, ... , Si}) 

a i 

= < ai,/3i, ... ,a g ,P g ,j!, ... ,7; | Jjjoi, A] JJ jj = 1 > . 

i=i j=i 

The key to obtaining the notion of a decomposable representation of Tr g ^ is to 
observe that if (ffli,6i, ... , a g ,b g ,ci, ... , c/) is a representation of the group 7r ffi ; = 
7Ti(S a \{si, ...,s;}) then ([ai,&i], ... , [a g , b g ], c\, ... ,ci) is a representation of the 
fundamental group TTo, g +i = 7ri(5 2 \{ri, ...,r g ,si, ...,s;}) of a (g + ^-punctured 
sphere: 

[oi, 6i] ... [a fl , 6 g ] ci ... q = 1. 

=Ui =u g = tl g + l ="g + I 

Building on this remark, we will begin by asking, in addition to cj — Wjwj +1 with 
Wj,Wj-\-i G Fix(r~), that each [oi,6j be decomposable under the form [aj,6j] = 
ViV^,^ with Vi,Vi + \ G Fix(r~) for all i. For consistency reasons, we will also ask 
that Vg+\ = w\ and wi+i = v\. As one might suspect, this is not restrictive enough; 
we need additional conditions on the (a*, hi). Namely, we will ask: 

Definition 2.6 (Decomposable representations of 7Ti(E s \{si, ...,s;})). Let (U,t) 
be a compact connected Lie group endowed with an involutive automorphism t of 
maximal rank. A representation (ai,&i, ... ,a g ,b g ,c±, ... , q) of 7Ti(E g \{si, ... ,s/}) 
into U is called decomposable if there exist (g+l) elements V\, ... , v g , Wi, ... , wi G U 
satisfying: 

(i) r(vi) = v^ 1 for all i and t(wj) = wj 1 for all j . 

(ii) [ai,&i] = viv? 1 , [02,62] = ^w^ 1 , ••• , [a g ,b g ] = v g w^ x , c\ = wiw^ 1 , 
c 2 = w 2 w^ 1 , ... , cj=tu/uf 1 . 

(iii) r(ai) = w^^i^+i for all i G {1, ... ,3} (™</i = w\). 

To understand where condition (iii) comes from, let us take a look at the case 
/ = 0. Then in particular we have, from (ii), that [a g ,b g ] — VgV^ 1 . To simplify 
even further, let us consider the special case v± = 1 G U. Then one has [a g ,b g ] G 
Fix(r~), that is: a g b g a~ 1 b~ 1 — r(6 ff )r(a ff )r(6~ 1 )r(a~ 1 ). One may then observe 
that this is always true if r(a g ) — b g . Condition (iii) may then be derived from the 
above analysis by lifting the simplifying assumptions made. As a matter of fact, in 
the g > 1 case, the above definition was obtained also by searching for an involution 
j3 on (U x U) 9 x C\ x • • • x C\ and not only by looking for an appropriate notion 
of decomposable representation. This might give the impression that the above 
notion of decomposable representation is an ad hoc notion. To some extent, that is 
indeed the case. As we shall see later, the key object in this paper is the involution 
(3 on (U X U) 9 x Ci x • ■ • x C/ defined in definition 14.11 since it is this involution 
that will induce an anti-symplectic involution on M g ,i, whose fixed-point set 
Fix(P) will provide the promised Lagrangian submanifold. And this involution [3 
was obtained by trying to generalize the expression found in the g = case, for 
which we refer to [29] . But since in this g = case, the involution (3 was obtained 
from the notion of decomposable representation, it seemed natural to work out a 
notion of decomposable representation in the g > 1 case, that will later provide a 
nice geometric interpretation of the Lagrangian submanifold Fix{[3) C M g ,i- One 
may notice that definition 1 2 . 61 coincides with definition 12.51 when g = 0. 
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Remark 2.7. Observe that in definition \2.6\ above, we do not ask each of the 
generators ai and bi (which account for the surface having non-zero genus, and 
whose conjugacy class is not prescribed) to be decomposable as a product of two 
symmetric elements. 

I would like to thank Pierre Will for numerous discussions ultimately leading to 
definition ^. 61 For another notion of decomposable representation, we refer to |31j . 
Before ending this section, we observe the following useful fact that the notion of 
decomposable representation is compatible with the equivalence of representations: 

Proposition 2.8. Let (a±,bi, ... , a g , b g , c\, ...,q) be a representation of 7r Sj j = 
7Ti(£ ff \{si, ...,s;}) and u be any element of U . Then the representation 

{a\,bi, ... , a g , b g , a, ... , q) 

is decomposable if and only if the representation 

u.(ai,bi, ... ,a g ,b g ,ci, ... ,q) := (uaiw -1 , uhu' 1 , ... ,mqu _1 ) 

is decomposable. 

Proof. If (ai, £>i, ... ,a g ,b g ,c\, ... ,c/) is decomposable, then there exist 

Vi, ...,v g ,wi, ... ,wi G Fix(r~) 

satisfying [a,,6i] = ViV^ +1 , cj = WjWj +1 and r(a,) = v^~ +1 biVi+i for all i,j (with 
v g+ i — w\ and wi+i = Vi). Let us note := uaiU~ l , b\ — ubiU~ l and dj = ucju~ l . 
Then: 

[a-, b'i\ = u[a,i,bi]u~ 

= (uViT~ (u))(t(u)vT^ 1 U~ 1 ) 

= (uv l T^(u))(uv l+ iT^(u)y 1 
ii i \— l 



with v[ — uViT~ (u) G Fix(r~), and likewise 



c'j = ucju 1 



= (uWjT (u))(uWj + lT (it)) 1 

with Wj — uWjT~(u) G Fix{t~). Finally: 

T{a' i ) = t(u)t(ch)t~ (it) 

= r(u)ur f 1 1 6 l Wj + ir _ (u) 

= T(M)u i r f 1 1 (u~ 1 it)6j('"~ 1 it)i'i+ir~ (u) 

= (v'i+ir'bH+i 

which proves that the representation (a^_ , 6^ , ... ,c[) is decomposable. 

The converse implication is proved the same way, setting i)j := it i^t(u) and 

Wj :— u~ 1 Wjt(u). □ 

Our task will now be, as announced in the introduction, to obtain a characteriza- 
tion of decomposable representations of 7r s ^ in terms of an involution /3 defined on 
the quasi-Hamiltonian space (U x U) 9 X C\ X ■ ■ • x C/. This will be achieved in the- 
orem But first, let us give the generalities about anti-symplectic involutions 
on quasi-Hamiltonian quotients that we will need in the following. 
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3. Anti-symplectic involutions ON quasi-Hamiltonian quotients 

In this section, we will recall the generalities on quasi-Hamiltonian spaces that 
we shall need in the following. The reference for the notion of quasi-Hamiltonian 
space is the original paper of Alekseev, Malkin and Meinrenken ([5J). For further 
details on the structure of a quasi-Hamiltonian quotient Mj /U = /j,~ 1 ({1})/U, wc 
refer to [27]. Some of the results we are about to state also come from |29j . 

3.1. Structure of quasi-Hamiltonian quotients. Let us begin by recalling the 
definition of a quasi-Hamiltonian space, which is due to Alekseev, Malkin and 
Meinrenken in [6] . 

Definition 3.1 (Quasi-Hamiltonian space, [B]). Let (M,u>) be a manifold endowed 
with a 2-form u and an action of the Lie group (U, (. | .)) leaving the 2-form lu 
invariant. We denote by (. | .) an Ad-invariant non-degenerate symmetric bilinear 
form on u := Lie(U), by 9 L := u^ 1 .du and 8 R := du.u^ 1 the Maurer-Cartan 1- 
forms ofU, and by x '■— \{[® L i@ L \ I & L ) the Cartan Z-form ofU. Finally, we denote 
by X* the fundamental vector field on M associated to X G u. Lts value at x G M 
is : X\ :— jjj\ t= o(exp(tX).x). Let fi : M — > U be a U-equivariant map (for the 
conjugacy action ofU on itself). 

Then (M, u>, [i : M — ► U) is said to be a quasi-Hamiltonian space (with respect to 
the action of U ) if the map /i : M — > U satisfies the following three conditions: 

(i) duj = -fi*x- 

(ii) for all x G M, keiuj x = {X| : X eu\ (Ad fi(x) + Id).X = 0}. 
(hi) for all X G u, o x slj = \n*(9 L + 6 R \ X). 

where (9 L + 6 R \ X) is the real-valued 1-form defined on U for any X G u by (9 L + 
6 R | X) u (Cl := (0^(C)+0 R (O I X) (where u G U and £ G T U U). The map (i is called 
the momentum map. 

Let us now study, given a quasi-Hamiltonian [/-space (M,lu,/i : M — * U), the 
associated quasi-Hamiltonian quotient M//U := /i _1 ({l})/?7, which may also be 
denoted by M red . By a theorem of Alekseev, Malkin and Meinrenken, this space 
admits a symplectic structure. More precisely, it is shown in [6J that if 1 G U is a 
regular value of the momentum map fi, then M//U is a symplectic orbifold. Using 
the same techniques and combining with the notion of stratified symplectic space, 
one obtains the following result: 

Proposition 3.2 (Structure of a quasi-Hamiltonian quotient, [57]). Let (M,u>,fi : 
M — > U) be a quasi-Hamiltonian U -space. For any closed subgroup K C U , denote 
by Mk the isotropy manifold of type K in M : 

M K = {x G M | U x - K). 

Denote by Af(K) the normalizer of K in U and by Lk the quotient group Lk '■= 
M(K)/K. Then /i(Mk) G J\f(K) and if we denote by [Ik the composed map 
fi : M K -> N(K) -> L K = N(K)/K, then (M k ,uj\ Mk ,^k ■ M L -> L K ) is a 
quasi-Hamiltonian Lk -space. Furthermore, Lk acts freely on Mk and the orbit 
space 

(fr l ({lu})^M K )/L K 

is a symplectic manifold. 

Denote by (Kj)j^j a system of representatives of closed subgroups of U . Then the 
orbit space M red :— /i _1 ({ly})/[/ is the disjoint union of the following symplectic 
manifolds: 

= U (a^({M) n M Kj )/L Kj 
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In particular, if U acts freely on the quasi-Hamiltonian quotient 

M//U = is a symplectic manifold, as shown in 6J. In the follow- 

ing, a subset Xk '■= H Mk)/Lk in the above description of M//U will 

be called a stratum. We end this subsection by recalling the following result: 

Lemma 3.3. Let (N,to) be a symplectic manifold and a be an anti- symplectic 
involution on N (meaning that o~*ui — —u and a 2 = Idpj )■ Denote by N a :— Fix(a) 
the fixed-point set of a. Then: if N a ^ 0, it is a Lagrangian submanifold of N. 

Observe that an anti-symplectic involution does not necessarily have fixed points. 
For instance, the map (— /d R 3)|52 : (x,y,z) G S 2 i— > — (x, y, z) reverses orientation 
on S 2 (so that it is anti-symplectic with respect to the volume form x dy A dz — 
y dx A dz — z dx A dy on S 2 ) , and has no fixed points on S 2 . 

3.2. Involutions induced on quasi-Hamiltonian quotients. We now would 
like to apply lemma 1331 to the symplectic manifold N — M//U, where (M,ui,(i : 
M — > U) is a quasi-Hamiltonian [/-space. The idea is to obtain the involution a 
on TV = M/ /U from an involution (3 defined on the quasi-Hamiltonian space M. 
Drawing from the usual Hamiltonian case studied in [24] , we set: 

Definition 3.4 (Compatible involutions). Let (M, u>,fi : M — > U) be a quasi- 
Hamiltonian space and let t be an involutive automorphism of U . Denote by t~ 
the involution on U defined by t~ (u) = t(u ). An involution (3 on M is said to 
be compatible with the action of U if (3(u.x) — t(u)./3(x) for all x € M and all 
u G U , and it is said to be compatible with the momentum map \i if fio f3 = t~ o /i. 

We then have the following result: 

Proposition 3.5 (,29]). Let (M,u),fi : M — > U) be a quasi-Hamiltonian space 
and let t be an involutive automorphism of U . Denote by t~ the involution on U 
defined by t~{u) = t(u _1 ) and let f3 be an involution on M compatible with the 
action of U and with the momentum map fj,. Then (3 induces an involution (3 on 
the quasi-Hamiltonian quotient M//U := // _1 ({1})/C7 defined by $([x]) — [/3(x)]. 
If in addition U acts freely on /^ _1 ({1}) and (3*uj = —uj, then M//U is a symplectic 
manifold and [3 is an anti-symplectic involution. Consequently, if (3 has fixed points, 
then Fix([3) is a Lagrangian submanifold of M//U. 

Remark 3.6 (On the assumption that Fix((3) ^ 0). We will see in section^ that 
the assumption Fix{(3) ^ in vrovosition \3.5\ above is in fact always satisfied, for 
U a compact connected and semi-simple Lie group, provided the involution (3 on 
M has fixed points whose image lies in the connected component of Fix{r~) C U 
containing 1 (see theorem \5.1U\) . For the quasi-Hamiltonian space M — (U X U) 9 x 
Ci x • • • x Ci with U an arbitrary compact connected Lie group, the involution (3 we 
will consider (see definition ^. J[ ) also induces an involution (3 that always has fixed 
points (see theorem \5.1b}) . 

We will now drop the assumption that U acts freely on /i _1 ({l}) and give more 
details on the structure of Fix((3) using the description of the quasi-Hamiltonian 
quotient Mj /U as the disjoint union of the symplectic manifolds Xk — (/i _1 ({l})n 
Mk)/Lk over closed subgroups K of U (see proposition 13. 2[) . More precisely, 
we will show that Fix{(3) is a union of Lagrangian submanifolds of some of the 
strata. The first question we ask ourselves is: under what conditions does a stratum 
Xk = (m _1 ({1}) n M K )IL K C M//U contain points of Fix0)? We then observe 
the following facts: 

Lemma 3.7. Let (3 be a form-reversing involution on the quasi-Hamiltonian space 
(M,u),fj, : M — > U) compatible with r : U — > U and fj, : M — > U. Then for all 
x G M the stabilizer Upr x \ of (3{x) in U is the subgroup — t(U x ). 
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Proof. If a; € Up/ X ) then (3(t(u).x) = u.(3(x) — (3(x), hence t(u).x = x. Therefore 
t(u) G U x and u = t(t(u)) G t(U x ). Conversely, if u G U x , then (3(x) = (3(u.x) — 
t(u).(3(x) hence t(u) G Up( x y □ 

Lemma 3.8. If[x] G (/i _1 ({l})nM^)/Lx satisfies (3([x\) = [x] then the subgroups 
K and t(K) are conjugate in U . Moreover, (3 maps a stratum Xk to itself if and 
only if t(K) is conjugate to K in U (a condition we will denote t(K) ~ K). 

Proof. If x G Mjc satisfies /3([a;]) = [x], we have U x = K and (3{x) = u.x for 
some u G U. Hence Upr x \ = ulIxU^ 1 = uKu^ 1 . By lemma 1X71 we also have 
Uf3( x ) = t(U x ) = t(K), hence t(K) = uKu^ 1 . Finally, (3 maps Xk to itself if and 
only if for all y E fl Mk the stabilizer of (3{y) is conjugate to K, that is: 

Up(y) = t(U v ) = t(K) is conjugate to K . □ 

Lemma 3.9. Let (3 : M — > M be an involution on M compatible with r : U — > U 
and let K C U be a (closed) subgroup of U . Then (3{Mk) C Mk if and only if 
t{K) C K. 

Proof. This is a direct consequence of the fact that Um x \ — t(U x ). □ 

Observe that since (3 and r are involutions, the previous conditions are in fact 
equivalent to (3(Mk) = Mk and t(K) = K. The following statement is then 
immediate: 

Proposition 3.10. Let 

M//U = u jeJ ( M - 1 ({i}) n m Kj )/l Kj 

be a quasi- Hamiltonian quotient. Set Xj = (^'({lJJnMj-j/i^. Then (3{Xj) = 
Xj if and only if t(Kj) is conjugate to Kj in U and one has: 

Fix0)= □ Fix{[3\ Xj ). 

jeJ | r(if 3 )~if 3 - 

In particular, Fix{(3) is a disjoint union of Lagrangian submanifolds of the strata 
Xj C /i _1 ({l})/?7 for which t(Kj) is conjugate to Kj and Fix{(3\xj) ^= 0- 

Observe that it is not clear which strata actually satisfy Fix(f3\x j ) ^ although 
there is at least one such j since Fix((3) is asssumed to be non-empty (see also 
proposition 16. 9|> . The second question we ask ourselves is: does the involution j3\x j 
come from a form-reversing involution on the quasi-Hamiltonian space Mk. ? The 
next result shows that the answer is yes if t(Kj) is conjugate to Kj by an element 
Wj G Fix(r~) (that is, by a symmetric element of U with respect to r). We will 
use this remark in subsection 16.21 (proposition 10.51) . 

Proposition 3.11. Let K be a closed subgroup of U such that t(K) = wkKw^ 1 
with wk G Fix{r~) C U. Then, there exists an involution [3k '■ M — ► M and 
an involutive automorphism tk '■ U — > U such that (3k is compatible with tk and 
with the momentum map \i : M — > U, and such that (3k (Mk) = Mk- Moreover, 
the involution (3k induced by (3k on /1 _1 ({1})/C7 coincides with (3. In particular 

on Xk = (m ({1}) H Mk)/Lk, one has: Fix((3\x K ) = Fix((3k)- Finally, if (3 is 
form-reversing then so is (3k- 

Proof. Set (3k{x) := w K .(3(x) for all x G M and tk(u) — (wk)~ 1 t(u)wk for all 
u G U . Using the fact that wk is a symmetric element of U, one easily checks 
that (3k is an involution on M, compatible with tk and fi, which induces the same 
involution as (3 on /i _1 ({l})/[7. Further, we have tk(K) = (wk)~ 1 t(K)wk = K. 
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Therefore, by lemma 1331 we have Pk{Mk) = Mr. Finally, Pk = w K x .p reverses 
the 2-form uj because P reverses u> and vjk leaves it invariant. □ 

We then observe: 

Lemma 3.12. If tq is any involutive automorphism of U and if K C U is a 
subgroup such that tq(K) C K, one also has To(J\f(K)) C Af(K). Consequently, tq 
induces an involution on Lk = M(K)/ K . 

Proof. Consider n G N(K) and k G K . Since To(fc) G K, we have n,To(k)n G K, 
and therefore also ro(n)fc(T (n)) _1 = T (nTo(fc)n _1 ) G tq(K) G if, thus r (n) G 
N{K). □ 

It is then immediate that the involution (Pk)\m k ■ Mk — * Mk is compatible 
with the action of (Lk, tk) and with the momentum map of this action. For addi- 
tional details on the structure of the fixed-point set of an anti-symplectic involution 
on a Hamiltonian or quasi-Hamiltonian quotient, we refer to [12j and [26j . 

3.3. Constructing form-reversing involutions on product spaces. We end 

this section with a result that will be useful in sections H] and forward. It gives 
a way of constructing form-reversing involutions on product of quasi-Hamiltonian 
spaces starting from form-reversing involutions on each factor. 

Proposition 3.13 ([25]). Let (Mi, wx,m : M x -> U) and (M 2 , cu 2 ,fi 2 : M 2 -> U) be 
two quasi-Hamiltonian U -spaces. Let r be an involutive automorphism of (U, (. | .)) 
and let /3, be an involution on Mi satisfying: 

(i) (3*uji = ~u>i. 

(ii) pi(u.Xi) = T(u).f3i(xi) for all u £ U and all Xj G M;. 

(iii) fii o /3i = t~ o m. 

Consider the quasi-Hamiltonian U -space 

(M := Mi x M 2 ,ui := w x © w 2 + ^(m*^ A/x^ r ),/x := Mi • M2) 
C wrai/i respect to the diagonal action of U) and the map: 
/3:= ((/z 2 o/? 2 )./3i,/3 2 ) : M — > M 

(xi,x 2 ) 1 — ► ((/i 2 °/?2(a;2))./3x(»i) } /32(^2)) 
TTien /3 is an involution on M satisfying: 

(i) /3*w = -w. 

(ii) P(u.x) = T(u).f3(x) for all u £ U and all x G M. 

(iii) /jo/J = t" ofi. 

Moreover, if Pi and p 2 have fixed points, then so does p. 
Remark 3.14. It is even true that if 

xi G {ni l {{l})nFix{pi)) 

and 

X2 g ( i i 2 1 ({i})nFix(p 2 )) 

then 

(x u x 2 ) G (^({l^nFixiP)) 

but in general points of (/i _1 ({l}) PI Fix(p)) are not of this form: for instance, if 
M = C\ x C 2 a product of two non-trivial conjugacy classes, one has fi~ ({1}) = 
but this does not necessarily mean that /x _1 ({l}) = 0. 

We now move on to obtaining a characterization of decomposable representations 
of 7r 9i ; in terms of an involution P satisfying the assumptions encountered in the 
present section. 
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4. Characterization of decomposable representations 
In this section, we give a characterization of decomposable representations of 

TTgJ = 7Tl(Sg\{si, ... , Si}) 

into a compact connected Lie group U in terms of an involution defined on the 
quasi-Hamiltonian space M = (XI X U) 9 X C\ X • • • X Ci (see [S]) whose momentum 
map 

H : (U x U) x • • • x (U x XT) x & x • • • x C x — ► U 

g i 

(ai, h, ... , a g , b g , ci, ■■■ , Q 

i=l j=l 

satisfies 

Home (* g ,i,U)/U = fJ ,- 1 ({l})/U. 

As in section [21 the Lie group U is endowed with an involutive automorphism 
r of maximal rank (see definition 12. ip . The idea of characterizing decomposable 
representations in terms of an involution comes from the study of the special case 
U = U(n), as explained in detail in [22], a case where one can develop a more 
geometric intuition of the problem using Lagrangian subspaces of C™ instead of 
symmetric elements of U(n). The case of the punctured sphere was treated in |29j . 
We now obtain a similar result for arbitrary surface groups. 

4.1. The involution f3. We begin by introducing the following map (3: 

Definition 4.1 (The involution 0). Let (U,r) be a compact connected Lie group 
endowed with an involutive automorphism of maximal rank and let Cx, ■■■ ,Ci be I 
conjugacy classes ofU. We then define the following map (3 from (U x U) 9 x C\ x 
• • • x Ci to itself: 

[3 : (U x U) 9 x Cx x • ■ ■ x Cj — > {U x U) 9 x Cx x • ■ ■ x d 
(ax,bx, ... ,a g ,b g ,cx, ... ,q) i — ► (r~([a 2 , 6 2 ]...c/)r(6i)T([a 2 , 6 2 ]...q), 

r _ ([a2,6 2 ]---C/)T(ai)T([a2,&2]---Q), 

t" (cx...ci)r{b g )T(cx...ci), 
t" (cx...ci)r{a g )T(cx...ci), 
t~ (c 2 ...ci)t~ (cx)t(c 2 ...ci), 

r~(ci)) 

Remark 4.2. For detailed explanation on how this map was obtained in the g = 
case, we refer to [29] . The above generalization to an arbitrary g > comes from the 
expression obtained there and the search for an involution (3 on (UxU) 9 xCi x ■ • -xCi 
satisfying the compatibility conditions of definition \3.4\ We will show in this section 
( theorem \4-12\ ) that the involution (3 of definition admits a very nice geometric 
interpretation, namely that it characterizes representations of 7Ti(S fl \{si, ...,s;}) 
which are decomposable in the sense of definition \2.b\ 

The above expression for [3 is quite complicated, so we will explain it a little. 
The term [3(ax,bx, ... a g , b g , c\ ... , q) is an element of (U x U) 9 X Cx X • • • X C;. Its 
first coordinate is conjugate to r{b\) € U via the element r~ ([a 2 , b 2 ]--\a g , b g ]c\...ci), 
its second coordinate is conjugate to r(ax) via that same element, and so on until 
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its (2g) th coordinate, which is conjugate to r(a g ) G U via T~{c\...ci). Its {2g + l) th 
coordinate is conjugate to t — (ci) G C\ via the element t~ (c 2 ...c{), and so on until 
its (2g + l) th coordinate, which is equal to t~(q). This calls for two remarks. 

Remark 4.3. The fact that (3 is well-defined is a consequence of the fact that t 
is of maximal rank: the involution t~ sends a conjugacy class of U into itself (see 
lemma {K4\ ). 

Remark 4.4. Observe that the dj, 6j, which account for the surface having non-zero 
genus, switch place when they are applied the map /?. This is not a problem because 
the conjugacy classes of the at,bi are not prescribed. 

To make things clearer yet, we now specialize f3 to some particular surface groups. 

• g = 0, 1 = 1: in this case, [3 : c G C i— > t - (c). We then observe: 

Lemma 4.5. The involution (3 = t~\q :c£Ch r(c^ 1 ) reverses the 2- 
form luc defining the quasi- Hamiltonian structure on C, that is: [3*loc — 

-LO C - 

Proof. We refer to [25]. □ 

• g = 0,Z = 3: ([25]) 

/3(ci,c 2 ,c 3 ) = {t~ {c 2 c 3 )t~ {ci)t(c 2 c 3 ),t~ (c 3 )t~ (c 2 )t{c 3 ),t~ (c 3 )). 

• g = 1,1 = 0: in this case, (3 : (a,b) G U x U t-> (r(6),r(a)). We then 
observe: 

Lemma 4.6. TTie involution (3 : (a, 6) G £/ x [/ i— > (t(&),t(<z)) reverses 
the 2-form u>d defining the quasi- Hamiltonian structure on U x U , that is: 
(3*u D = -ujd- 

Proof. The 2-form ujd defining the quasi- Hamiltonian structure on the dou- 
ble U x U is 

">£> = \{a*9 L A b*9 R ) + \{a*6 R A b*0 L ) + ^{{a.b)*6 L A (a' 1 6 R ) 
(see [5]). Therefore, if we take (i>ii u>i)i=i 2 G ?aZ7 x I&E/, we obtain: 

(Wfl)( a ,6).((vi, Wl), («2,W2)) 

+ ^((v 1 .a- 1 I b" 1 .^) - (V2-0- 1 I ft -1 .^)) 

a- 1 .(6 _1 .«;i) + a~ x .vx \ b' 1 ^ + Ad b' 1 .(a" 1 .v 2 )) 



"2"{ a ^ b ' Vl ^ Wi ] 



where the notation a <-> means that we switch a and 6 in the previous 
line expression (and likewise for V{ and Wi). To lighten notation, we denote 
t(u) by u. Then f3(a, b) = (b,a) and: 

{P*U D )(a,b) ({v X ,Wl), {V 2 , W 2 )) 

= ^((b-\m\^-a- 1 )-(b- 1 .W 2 -\vT.a- 1 )) 
+ i((wT.fe- 1 I a-\v^.) - (w^.b- 1 I a-\vT)) 
— (Ada- 1 .(B- 1 .Wi) + a- 1 .v 1 \ b- 1 m + Ad b~ x .{a' 1 .vZj) 



--{a <-> <-> tUij 
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Since r is an isometry for (. | .) (see remark f2.3p . we can eliminate it in the 
above expression for (3*uje> and compare the resulting expression with ojd- 
we obtain (3*uju = -wd. □ 

• g = 2,1 = 0: 

0(ai,bi,a 2 ,b 2 ) 

= (r~([a 2 , b 2 })T(bi)T([a 2 , b 2 ]), r~([a 2 , 6 2 ])-r(ai)r([a 2) b 2 ]), r(b 2 ), r(a 2 )) 

• g = 2, 1 = 2: 

p(ai,bi,a 2 ,b 2 ) = (r~([a 2 , o 2 ]cic 2 )T(&i)r([a 2 , b 2 ]ac 2 ), 

...r(ai) 

r~ (cic 2 )t(6 2 )t(ciC2) 

...r(a 2 ) ... , 
t~(c 2 )t~(cx)t(c 2 ), 

r-(c 2 )) 

The fact that (3 is an involution can be checked directly, along with compatibility 
with the diagonal action of U on (U x U) 9 x C\ x • • • x C; and the momentum map 
(x(ai,bi, ... , a g , b g , ci, ... ,c/) = nf=i[ a i' ^i] llj=i c i- But, as the most important 
thing will be to prove that (3 reverses the 2-form defining the quasi-Hamiltonian 
structure on M = (U x U) 9 X C\ X • • • X Ci, we will show that we can obtain all of 
these properties by applying proposition 13.131 to the map (3. It is simply a matter 
of verifying the three assertions below, which say that (3 is obtained by following 
the procedure to construct form-reversing involutions on product spaces given in 
proposition 13.131 

Lemma 4.7. Consider an integer I > 1 and let Ci, ... ,C; be I conjugacy classes in 
U. Let /3« be the map defined on C\ by 

(3^ : d — > Ci 

Cl I > T~(ci) 

ana let pd-V be the map defined on the product C 2 X • • • X Cj of (Z — 1) conjugacy 
classes by: 

Z^- 1 ) :C 2 x-xC, — > C 2 x • • • x d 

(c 2 , ...,q) i — > (t _ (c 3 ...q)t _ (c 2 )t(c3..q), ... ,t~(c;)) 

map from C 2 X • • • X C; to [/ defined by: 

: C 2 x • • ■ x C; — > [7 
(c 2 , ... , q) i — > C 2 ...Q 

Finally, let fiW be the map defined on C\ x • • • x C; = Ci x (C 2 x • • • x C{) by: 

P {1) : Ci x ■ • • x Ci — > Ci x • • ■ x Ci 

(ci,...,q) i — ► (t"(c 2 ...c;)t"(ci)t(c 2 ...q), ... ,t _ (q)) 

Then we have: 

P {l) (ci, -,ci) = ({^ l -VopV-V(c 2 , ..., Cl )).pW( Cl ), pV- l \c 2 , ...,q)) 
which we will write: 

pW = ((/i^o^- 1 )).^ 1 ),^" 1 )). 
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Lemma 4.8. Consider an integer g > 1. Let /3m be the map defined on U x U by 

/3 ( i) : [/ x [/ — > {/ X [/ 

(o >6 ) ( T (6),r(o)) 

and let (3( g -\) be the map defined on the product (U x U) 9 ^ 1 of (g — 1) copies of 
(U xU) by: 

0<j,-i):(U xUy- 1 — > ((Jxf/)^ 1 

(a 2 ,b 2 ...,a g ,b g ) i — ► (r~([a 3 , & 3 ]-[a g , 6 9 ])T(6 2 )T([a 3 , 6 3 ]...[a s , 6 S ]), 

...,r(a s )) 

Lef H(g-i) be the map from (U x U) 9 ^ 1 to U defined by: 

(a2,b 2 ...,a g ,bg) i — > [a 2 , 62]— [a 9 , b 9 ] 
Finally, let /3( s ) 6e i/ie map defined on (U x U) 9 by: 
(3 {g) : (C/ x CO 9 — > x C/) s 

(ai,6i ...,a g ,b g ) 1 — ► (r _ ([a 2 , 6 2 ]...[a g , 6 g ])r(fei)T([a 2 , 6 2 ]---[a 3 , & 3 ]), 
... ,r(a 9 )) 

TTien we have: 

/3( s ) (01, ...,6 9 ) = f((j( s _i) o /3 9 _x)(a 2 , ...,6 9 ))./3(x)(ai,6i),/3( s _i)(a 2 , -,b 9 )) 
which we will write: 

P(g) = ((M(s-i) °A9-i))-Ai)> 

Lemma 4.9. Le< /3^ and /3( ff ) 6e defined as in lemmas \4- 7| and |-^.ff| on Ci x • • • x Ci 

and (U x U) 9 respectively. Let fjtS 1 ' be the map from C\ x ■ ■ ■ x Ci to U defined by 

^ (/) (ci, ... ,Cj) = C1...Q. 

Then the map (3 on (U x U) 9 x C± x ■ ■ ■ x Ci defined in definition ^. 1\ satisfies: 

/ 3=(( M «o / 3W)./3 (g) , / 3«). 
The above three lemmas are verified immediately. As a consequence, we have: 

Proposition 4.10. The map (3 on (U x U) 9 X C\ X • • • X Ct defined in \4-l\ is an 

involution which reverses the 2-form w defining the quasi- Hamiltonian structure on 
(U x U) 9 x C\ x ■ ■ ■ x Ci and which is compatible with the action of U on this space 
and the momentum map 

9 1 

H(ai,b\, ... ,a g ,b g ,d, ... ,cj) = JJ[a is 6i] JJc,-. 

«=i i=i 

Additionally, (3 has a non-empty fixed-point set Fix(/3) ^ 0, and n(Fix(/3)) inter- 
sects the connected component Qq of Fix{r~) containing ljj: 

(i(Fix{/3)) n Qo + 0- 

Proof. Observe that /3 < - 1 * ) is an involution that reverses the 2-form defining the 
quasi-Hamiltonian structure on a single conjugacy class of C of U (see lemma l4~5|) 
and is compatible with the conjugation action of U on C and the momentum map 
^(1) : q <^_> jj Likewise, /3m is an involution that reverses the 2-form defin- 
ing the quasi-Hamiltonian structure on the double U x U (see lemma |4~5| and is 
compatible with the conjugation action of U on U x U and the momentum map 
: (a, 6) G U x U 1— > a6a _1 6 _1 G U. Lemmas 14.71 and 14.81 show that we can 
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apply proposition 13.131 and therefore prove that fl"' and f3/ g -\ are form-reversing 
involutions on the quasi-Hamiltonian spaces C\ X • • • X Ci and (U x U) 9 respec- 
tively, compatible with the respective actions of U and their respective momen- 
tum maps. Lemma 14.91 then shows that we can apply proposition 13.131 to (3 and 
hereby prove that it is a form-reversing involution on the quasi-Hamiltonian space 
(U x U) g x C\ x ■ • • x Ci which is compatible with the action of U and the momentum 
map //(ai,6i, ... , a g , b g , ci, ... ,cj) = nf=i[ a iA] Oj=i c i- 

As for the fact that (3 has fixed points, consider a maximal torus T C U fixed 
pointwise by t~ . Such a torus is also globally r-stable. Take now an element 

{n, T( ri ), ...,r g ,T(r g ),t u ...,*,) G {{UxUf x d x • • • x C/) n T^ +i . 
Since T is Abelian and fixed pointwise by t~ , one obtains: 

/3(n,r(n), ... ,r g ,T{r g ),h, = (ri,r(n), ... ,r fl ,r(r fl ),ti, ...,£/). 

Finally, 

^(ri, T-(ri), ... , r g> r{r g ), h, ... ,ti) 

is a product of elements of T (namely, it is equal to t\...ti, all the commutators 
being equal to 1 in the Abelian group T), hence 

M(n,r(ri), ...,r g ,T(r g ),ti, ... ,U) G T. 

Since T C Fix(r~) is connected and contains lj/, we have T C Qo C Fix(r~). 
Consequently /x(ri, r(ri), ... ,r s ,r(r 9 ),ti, ... , £/) G Qoj which ends the proof of the 
proposition. □ 

Remark 4.11. As seen in the course of the proof of proposition \4-10\ the fact 
that (3 has fixed points relies strongly on the fact that there exists a maximal torus 
of U (in particular, this torus contains an element of each conjugacy class) fixed 
pointwise by t~ , which is the assumption made in section^ 

4.2. The characterization of decomposable representations of ir g j. We can 
now state our characterization result of decomposable representations of 7r gj ;: 

Theorem 4.12 (Characterization of decomposable representations). Consider 

(01,61, ...,a g ,b g ,C!, ... , q) G (U x U) x • ■ ■ x (U x U) x C\ x • ■ ■ x C; 

such that [ai,bi]...[a g ,b g ]ci...ci = 1. Let (3 be the involution introduced in defi- 
nitional^ Then the representation of Tr g .i = 7Ti(S ff \{si, ...,s/}) corresponding to 
(ai,6i, ... ,a g ,b g ,ci, ... ,q) is decomposable in the sense of definition \2. 61 if and only 
if there exists ip <EU such that 

/3(ai, b\, ... ,a g ,b g ,ci, ... ,cj) = <p.(ai,&i, ... ,a g ,b g ,ci, ... , q) 

and 

93 G Fix(r~) C J7. 

Proof. We will denote (ai, &i, ... , a g , 6 S , ci, ... , q) by (a, 6, c). 

Let us first prove that if (a, 6, c) is a decomposable representation, then /3(a, b, c) 
— if .(a, b, c) for some ip G Fix(r~). If (a, 6, c) is decomposable, there exists (5 + i) 
elements «i, ... ,v g ,Wi, ...,Wi G Fix(r~) such that [ai,6J = i^v"^, Cj = WjivJ +l 

(with = w\ and w;+i = t>i) and r{ai) = uZ^feifi+i- Therefore, we have, for 
all j in {1, 

t~ (c j+1 ...ci)T- (c j )T{c j+1 ...ci) = r"(u) i+ ii;f 1 )T"(w J u^ + 1 1 )r(w J+ ii;f 1 ) 
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Also: 

T~([a i+ i 1 bi +1 }...ci)T(a i )T([a t+1 ,h l+1 ]...ci) 

= v^ l v l+ iv^ 1 b l v i+1 v^ 1 vi 
= v^biVi 

And: 

t~ '([a i+1 ,bi +1 ]...ci)T(bi)T([ai +1 ,b i+1 ]...ci) 

= T^(v l+ lV^ 1 )T(v i+ lT(a l )v^ 1 )T(v i+ lV i ; 1 ) 

= Vi 1 a l vi 

Therefore, we have indeed (3 (a, b, c) = .(a, b, c) with w^ 1 G Fix(r~). 

Conversely, let us now assume that j3(a, b, c) = <p.{a, b, c) for some ip £ Fix(r~) 
and let us show that (a, 6, c) is decomposable. Since 0(a,b,c) — ip.(a,b,c), we 
have in particular: t~(q) = ipciip^ 1 , hence t" (q^ -1 ) — citp~ l , since T~{ip) = tp. 
Therefore q decomposes into a product of two symmetric elements: q = (ci(p~ l )kp. 
By induction, we obtain, using the equations (3(a, b, c) = 95.(0, b, c): 

t~ \a +1 ...ci)T~ {ci)r~ (cj+i...C;) = ip.^ 1 = r(ip~ l )ciT~ (ip~ x ) 

hence 

T~ (c l C l+ l...Cltp~ 1 ) = CiT~ '(v7 _1 )t~ (c l+ l...Cl) 
= C l T"(c 4+ l...C / (/3 _1 ) 
= C i C i+1 ...CHp~ 1 

From the same set of equations /3(a, b, c) = ip.(a, b, c), we also have: 

(1) T~([ai + i,bi + i]...ci)T(ai)T([a i+ i,bi + i]...ci) = ipb^ 1 

(2) T~([a i+1 ,bi + i]...ci)r(bi)T([a i+1 ,bi + i]...ci) = (paiip' 1 
Taking the commutator of @ and ([T|), we obtain: 

ip^^h]^ 1 = t~ ([a l+1 ,b i+ i]...ci) \T(b t ) , T(ai)} T([a t+1 ,b l+1 }...ci) 

=r-([a,A]) 

hence: 

[a i ,b i }ip~ 1 T~([a i+ i,bi + i]...Ci) = p -1 T _ ([ai,&i]...Cj). 
Using the induction hypothesis 

T~([a l+1 ,b i+ i])...citp~ 1 ) = [a l+1 ,b i+ i]...ciip~ 1 
and the fact that t~ (tp) = tp, we obtain: 

T~([o i ,6. i ]...c/</j~ 1 ) = [o i ,& i ]...cj^ _1 . 

We can then set: 

Vi := [a i ,b i ]...ciip~ 1 £ Fix(r~) 
Wj := Cj...c;(/7 _:L G Fix(r~) 

Since (a, 6, c) is a representation, we have [oi, 0i]...[o s , b s ]ci...q = 1, hence «i = 
(p^ 1 . Therefore, we have: 

[cti,bi] = ViV^ and Cj = WjWj^ 

(with v g+ \ := w\ and iq+i := v\). Finally, we can then rewrite equation (|TJ) under 
the form: 

T~(u i+:L vf 1 )r(ai)r(w l+ iuf 1 ) = ipb^ 1 = v^ 1 b i v 1 
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hence: 

r(a l ) = T(v l+1 vY 1 )v^ 1 b l v 1 T~(v i+ iV^ 1 ) 

This concludes the proof that the representation (a, b, c) is decomposable in the 
sense of definition 12.61 □ 

Remark 4.13. If Fix(r~) is connected, which is the case for instance for t(u) = u 
on U(n), a symmetric element ip G Fix(r~ ) may be written ip = t~ (u)u for some 
u G U. In this case, the condition (3(a, 6, c) = (p. (a, b, c) with ip = t~ (u)u <E Fix(r~) 
implies (3{u.(a, b, c)) = u.(a, b, c). This is the point of view adopted in [25] . 

We now know that the decomposable representations of 7r s ^ are exactly the 
representations (a, b, c) satisfying /3(a, b, c) = ip.(a,b,c) for some ip s Fix(r~). In 
the following section, we will use this characterization to prove that decomposable 
representations always exist. In fact, we will prove a stronger result: there always 
exist representations of ir g j which are fixed by (3, that is, Fix{(3) (~l ^ _1 ({1}) ^ 0. 

5. Existence of decomposable representations 

In this section, we will show that there always exist decomposable representa- 
tions of the surface group ir 9t i into an arbitrary compact connected Lie group U. 
This proof of existence relies on their characterization in terms of an involution (5 
obtained in theorem 14.121 and on a real convexity theorem for group- valued mo- 
mentum maps ( [28] V 

Recall from proposition 14.101 that (3 is a form-reversing involution on the quasi- 
Hamiltonian space 

M = (U x U) 9 x Ci x • • • x Ci 
compatible with the diagonal conjugation action of U and with the momentum map 

ju(ai, bx, ... , a g , b g , ci, ... , q) = [a%, bi]...[a g , b g ]cx...ci 

of this action. Consequently, the involution f3 induces an anti-symplectic involution 
(3 on the representation space 

M g ,=^\{l})lU 

defined by (3 ([a, b, c]) := [f3(a, b, c)]. As announced at the end of sectionHJ we will 
now prove the following result: 

Fix{l3)nii- l {{l})^$. 

In view of theorem 14. 121 this shows that there exist decomposable representa- 
tions (which are representations (a,b,c) satisfying f3(a,b,c) — ip.(a,b,c) with <p 6 
Fix(r~)) since in particular 1 6 Fix(r~)). Observe that our choice of conju- 
gacy classes Ci, ... ,Ci C U is assumed to be such that /x _1 ({l}) ^ (that is: the 
representation space is not empty) and that we know from proposition 14.101 that 
Fix{(3) ^ 0. In order to prove that Fix{(3) n ^ _1 ({1}) ^ 0, we will distinguish 
three cases. We will begin with the case where the compact connected Lie group U 
is in addition simply connected. In this case, the fact that Fix{(3) n /x _1 ({l}) ^ 
is a corollary of the real convexity theorem for group- valued momentum maps ob- 
tained in [28] . We will then deal with the case of compact connected semi-simple 
Lie groups and eventually move on to arbitrary compact connected Lie groups. In 
these last two cases, we will reduce the situation to the case of simply connected 
groups (using covering spaces). 
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5.1. The case where U is simply connected. When U is a compact connected 
simply connected Lie group, the existence of decomposable representations of the 
surface group 

Kg,l = 7Tl(E fl \{si, ... , Si}) 

is a consequence of the following convexity result for images of fixed-point sets of 
form-reversing involutions defined on quasi-Hamiltonian spaces (see |24j for a real 
convexity theorem in the usual Hamiltonian case, which the following statement is 
a quasi-Hamiltonian analogue of). 

Theorem 5.1 (A real convexity theorem for group- valued momentum maps, [28). 
Let (U, t) be a compact connected simply connected Lie group endowed with an 
involutive automorphism r such that the involution t~ : u G U i— > r(u~ 1 ) leaves a 
maximal torus T of U pointwise fixed, and let W C t := Lie(T) be a Weyl alcove. 
Let (M, : M — » U) be a connected quasi-Hamiltonian U -space with proper 
momentum map \i : M — > U and let (3 : M — > M be an involution on M satisfying: 

(i) /3*lu = -u. 

(ii) (3{u.x) = t(u).[3(x) for all x G M and all u G U . 

(iii) /i o p = t~ o /i. 

(iv) M (i := Fix{(3) ^ 0. 

(v) fi(M@) has a non-empty intersection with the fixed-point set Qo of 1 in 
Fix(T~) C U. 

Then: 

M(M /3 ) n exp(W) = n[M) n exp(W). 

In particular, fi(M^) (~l exp(W) is a convex subpolytope o/exp(W) ~Wct, equal 
to the full momentum polytope (a(M) PI exp(W). 

Remark 5.2. This theorem, which is the key to proving the existence of decompos- 
able representations, uses the assumption that the involution r is of maximal rank 
in a crucial way (see [2H| for a detailed proof). 

As announced in remark 13. 6[ we point out the following corollary (the semi- 
simple case will be treated in theorem I5.10[) : 

Corollary 5.3 (Fix((3) D ^~ 1 ({1}) ^ 0). If (3 satisfies the assumptions of the- 
orem HOI and (3 designates the induced involution (3{{x\) :— \J3{x)] on the quasi- 
Hamiltonian quotient M//U = /i _1 ({l})/£/ , we have: Fix{(3) (~l /x _1 ({l}) ^ and 
therefore Fix(fJ) ^ 0. 

Proof. Since ^t -1 ({l}) ^ and since we always have 1 G exp(W), we obtain, using 
theorem 15.11 

1 G fi(M) n cxp(W) = f 4M p ) n exp(W) 

that is: 

Fia;(/3)nM _1 ({l})^0. 
If x G Fix(f3) n ^{{l}) + 0, then by definition !3{[x\) = [(3{x)] = [x]. □ 

We now specify this to the case where M is the quasi-Hamiltonian space M = 
(U x U) 9 x C\ x • • • x Ci and (3 is the involution defined in 14. II 

Theorem 5.4 (Existence of decomposable representations, (I)). IfU is a compact 
connected simply connected Lie group, there always exist decomposable representa- 
tions ofiTgj = 7Ti(S g \{si, ...,s;}) into U. 
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Proof. We know from theorem l4. 121 that there exist decomposable representations if 
and only if there exist representations (a, b, c) of 7r Sj ; satisfying f3(a, b, c) = ip.(a, b, c) 
where (3 is the involution defined in definition 14.11 Proposition 14. 101 shows that (3 
satisfies the assumptions of theorem 15.11 (in particular assumption (v) is satisfied) , 
hence corollarv l5.3l applies and shows that we always have Fix(P) PI /i _1 ({l}) ^ 0, 
which proves the theorem since in that case /3(a, b,c) = (a, 6, c) = l.(a, 6,c) and 
1 6 Fix{T~). □ 

5.2. The case where U is semi-simple. When U is a compact connected semi- 
simple Lie group, its universal cover is still compact. Let us denote it by U, and 
by 7T the covering map n : U — > U. We will then borrow from [2] to construct a 
quasi-Hamiltonian [/-space associated to our M = (U x U) 9 X C\ X • • • X C;. I would 
like to thank Eckhard Meinrenken for bringing to my attention the reference 0]. 
Following [3], we set: 

M := M x v U= {(x,u) | fi(x) = ir(u)} 

and 

p:M — > M J1:M — >U 
(x, u) I — > x (x, u) I — ► u 

so that we have the following commutative diagram: 

M = M x v U — ^ U 



M — ^— ► U 
Finally, let us set u> :— p*uj and observe that U acts on M via 

uq.(x.u) := (n(uo).x,uouuQ 1 ) 
and that Jl is equivariant for this action. We then quote from [3]: 

Proposition 5.5 (4 ). (M = M Xy U,u>,Ji : M —> U) is a quasi-Hamiltonian 
U -space. 

The proof shows that this works because it : U — > U is a covering homomorphism. 
In particular, U and U have isomorphic Lie algebras. Further, we have: 

Proposition 5.6 Q4J). The quasi-Hamiltonian quotients associated to M and M 
are isomorphic: the map p : M — > M sends Jl _1 ({l(j}) to /i _1 ({l[/}) and induces 
an isomorphism 

In particular, if ^~ 1 ({^u}) 7^ fieri /I _1 ({ljj}) 7^ 0. 

Let us now observe that (3 induces a form-reversing involution f3 on M. 

Lemma 5.7. Since the compact connected groups U and U have isomorphic Lie 
algebras, the involutive automorphism rofU induces an involutive automorphism of 
U , that we denote by f. In particular, we have -kot = tot:, where tx is the covering 
map 7T : U —> U. As usual, we will denote by t~ the involution t~(u) :— r(w _1 ). 
If t is of maximal rank, so is r . If we denote by Qo the connected component of 
Ijj in Fix(r~) C U and by Qq the connected component of ljj in Fix(r) C U , the 
covering map 7r : U — > U restricts to a covering map tt\q : Qq — > Qq. 
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Proposition 5.8. Let (3 be a form-reversing involution on the quasi- Hamiltonian 
space (M,ui,/i : M — > U), compatible with the action of (U,t) and the momentum 
map (J,. Then the map 

(3:M — ► M 

(x,u) I ► (f3(x),T~(u)) 

is a form-reversing involution on the quasi- Hamiltonian space (M = M Xjj U, u>, fx : 
M — > U), compatible with the action of (U,t) and the momentum map fx. 

Remark 5.9. Observe that propositions 15.51 15.61 and I5.#l as lye/Z as lemma [5T7[ 
are true for any covering map tt : U — > U , regardless of whether U is the universal 
cover of U . This will be useful in subsection \5.3\ 

We then have: 

Theorem 5.10. Let (U,t) be a compact connected semi-simple Lie group endowed 
with an involutive automorphism t of maximal rank, and let (M, u>, [x : M — > U) 
be a connected quasi- Hamiltonian U -space such that ^ 0. Let (3 be a 

form-reversing compatible involution (3 on M , whose fixed-point set Fix([3) is not 
empty and has an image under fx that intersects the connected component of lu in 
Fix{ T -) C U. Then: 

Proof. We will show that there exists a connected component of M = M Xjj U 
which contains points of M _1 ({![/}) an d fixed points of {3, and apply the corollary 
of the convexity theorem (corollary 15. 3 j) to this connected component, which is a 
quasi-Hamiltonian space. From this we will deduce the statement of the theorem. 
Since ^i _1 ({l}) ^ and Li(Fix(f3))nQo ^ 0, there exist xo G M such that lx(xq) — 
1(7 and x\ £ M such that (3(x\) — x\ and fx(xi) G Qo- Since M is connected, there 
is a path (£t)te[o,i] horn xq to x\. Set u t :— n{xt) S U for all t G [0,1]. Since 
7r : U — ► U is a covering map, we can lift the path (ut)te[o.i] t° a path (ut)te[o,i] on 
t/ such that %{ut) — u t = Li(xt) and uq = lp. Then (x t ,u t ) G M = M Xy t/ and it 
is a path going from (;eo, wo) = (^0j Ijj) to (xi, which are therefore contained in 
a same connected component M$ of M. Then, we have fx(xo, 1^) = 1^ and, since 
7r(ui) = Mi = /i(a;i) € Qo C Fix(r~), we have ui € Qo C Fix(r~), hence 

P(xi,Ui) = (J3(xi),t~(ui)) = (xi,ui) 

and pt(xi,Si) = Si 6 Qo- Therefore, the connected component Mq of M, which is 
a quasi-Hamiltonian [/-space, contains points of M ({ljj}) and points of Fix{(3) 
whose image is contained in Qo- Since U is simply connected, we can apply corollary 
1531 and conclude that Fix((3) n ^ 0. Take now (x,u) G n 

fx" ({1^}). In particular, u = 1^. Since [3(x,u) = (x,u), we have /3(x) = x and 
/i(x) = /i op(x,u) = ir o fx(x,u) = 7r(u) = 7r(l^) = That is: a; G Fix{(3) n 
/i _1 ({l[/}), which is therefore non-empty. □ 

In view of the characterization of decomposable representations obtained in the- 
orem HIHJ we then have: 

Theorem 5.11 (Existence of decomposable representations, (II)). If U is a com- 
pact connected semi-simple Lie group, there always exist decomposable representa- 
tions ofiTgj =7Ti(E s \{si, ... ,s/}) into U. 

Proof. This is proved similarly to theorem 15.41 the proof follows from applying 
theorem l5.10l to the quasi-Hamiltonian space M = (U x U) 9 x C\ x • • • x C\ and from 
the characterization of decomposable representations obtained in theorem l4.121 □ 
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5.3. The case of an arbitrary compact connected Lie group. To handle the 
case of an arbitrary compact connected Lie group U, we will use the same technique 
of coverings as in subsection 15. 2\ but instead of considering the universal cover 
(which is not compact if U is not semi- simple ) , we will use the following result on 
the structure of compact Lie groups: any compact connected Lie group U possesses 
a finite cover U of the form U = S x G, where S £ Z(U) is contained in the center 
of U (in fact, it is the neutral component of Z(U), in particular, it is an Abelian 
Lie group) and G £ U is a connected Lie group which is both compact and simply 
connected (see for instance j8]) and whose Lie algebra is q — [u, u] with covering 
map 7r : (s, g) £ S X G i— » sg £ U . Observe here that XI is not the universal cover of 
U unless U is semi-simple. The same type of approach to arbitrary compact groups 
is used in [3] and [3D]. I would like to thank Pierre Sleewaegen for discussions on 
this and Eckhard Meinrenken for pointing out to me the reference [I]. 
If now (M,u,fi : M — + XI) is a quasi-Hamiltonian space, then by proposition 15.51 
we can construct (see remark f5.9|) a quasi-Hamiltonian space 



this time with U — S x G. Let us now briefly come back to the example we will 
eventually apply all this to: 



where tt is the covering map tt:U = SxG^U. Since S is Abelian, this rewrites 
(soSSq 1 , goggo 1 ) = {s^ogg^ 1 ). Further, when 

M = (U x U) 9 x Ci x ■ ■ • x Ci 

we observe that S £ Z(U) acts trivially on M. Therefore we have here: 

ir(s ,g )-x = s .(g .x) = g .x. 

That is: S acts trivially on M. We will now work under the assumption that S 
acts trivially on M. If we denote by pa the projection pa ■ S x G — > G and by /iq 
the map [ig '■— Pg ° A* : M — » G, we then have: 

Proposition 5.12. IfS^U = SxG acts trivially on the quasi-Hamiltonian 
U -space {M,u),Ji : M — > U = S x G), then (M,w,/ic : M — > G) is a quasi- 
Hamiltonian G-space for the action ofG^U = SxG. 

Proof. This will be a consequence of the fact that S is both Abelian and contained 
in the center of U (hence also centralizes G £ [U,U]). 

Since U — S x G is a direct product, one can express the Maurer-Cartan 1-forms 
and the Cartan 3-form of U in terms of those and S and G. For instance, the 
Cartan 3-form is Xf) = Xs © Xg = © xg, since S is Abelian. This proves that 

duj = -Jl*Xu = -V>(PgXg) = ~(pg ° V)*XG = ~MgXg- 

Further, we have, for all y £ M: 

kerw y = {Xl : X £ u = s © g | Arf^.A = -1}. 

But X — (ti,X) with ^ £ s and X £ g. If we denote /I(y) = (s,g) £ S 1 x G, we 
have: Adfl(y).X = (Ads.£,Adg.X) = (£, Ad g.X), since 5 is Abelian. Therefore, 



(M,u,Ji: M -> J7) 



M = ([/ x C/) 5 x Ci x ■ ■ • x Ci 
endowed with the diagonal conjugation action of U. Then 

M = M xu (S x G) 
is endowed with the following action of S x G: 
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AdJi(y).X = -X = if and only if <f = and Adg.X = -X, that is: 

Ad ^g{u)-X = —X. Now, since S acts trivially on M, we have in fact X$ = X|, 
where the action of G is given by G ^ SxG. Indeed: X\ = f t \ t =o{exp(tX) .y) with 
X = (£,X). Since £ centralizes X, we have exp(tX) — exp(t£) exp(tX), and since 
S acts trivially on M, we have exp(i£) exp(tX).y = exp(tX) .y , therefore X y = X$. 
Consequently, the above proves that: 

keru y = {Xl : IegCu = 5ffig Adfi G (y).X = -X}. 
Finally, for all I 6 g, setting X = (0,X) £ u, one has: 

= ^J1(0~ +9- | (0,X)) 2 

= («s | 0), + i(^+flg | AT) B 

= \{0 L g + 9g\X\ 

which proves that (M, ui, \x G : — > G) is a quasi-Hamiltonian G-space. □ 

Let us continue our analysis of the above situation, assuming that S acts trivially 
on M. Recall from proposition 15.61 that ^ 0- The fact that S acts 

trivially on M then has the following consequence: 

Proposition 5.13. Consider (xq,1s, 1g) E ju _1 ({ljj = (Is, If?)}) a^rf denote by 
Mq the connected component of M containing (xq, lg, IfS^->SxG = U acts 
trivially on M , then Jl(Mq) C {Is} x G. 

This is true because JS is a momentum map: when the action is trivial, the 
momentum map is a constant map. Here, one factor of S x G acts trivially and 
consequently the component of the momentum map with values in this factor is a 
constant map. 

Proof. Recall first that since S centralizes G, the actions of 5 and G on Mq 
commute. Therefore, the isotropy Lie algebra of an arbitary point y £ Mq is 
u y = s y © g y , where Sy (resp. Q y ) is the isotropy algebra for the action of S (resp. 
G). Since S acts trivially on Mq, we have in fact s y = s. Then: 

Uy = {(v, z)es® 9 \ v(£ x) e II, = Sy © 0y , (t? | 0, + (z \ x) a = o}. 

Since s y — s,we have: if (77, Z) £ u^-, then for all £ e s, (77 | £) s = 0, hence 77 = 0. 
Therefore: 

u£ = {0} © {Z £ fl I vx e flw , (Z I X) = 0} ~ ^ c fl. 

But since /I is the momentum map of the action of U on Mq, we have (see [5]) that 
ImTy/J ~ u^. Consequently: ImTyjl ~ = {0} © g^ 8 c {0} © fl. Therefore, 
since Mo is connected, we have £l(Mq) C {c} x G C J7 for some c € S. But since 
(xo, Is, 1g) G -Mo, we have /x(x , Is, 1g) S {c} x G, hence c = Is and ju(M ) c 
{ls}xG. □ 

We are now in the following situation: (Mq,uj,^lg '■ Mq —> G) is a quasi- 
Hamiltonian G-space, with G compact connected and simply connected, and with 
/j,q 1 ({1g}) ^= 0. Further, as in proposition 15.81 the involution (3 induces an involu- 
tion /3 on Mq. More specifically: 
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Proposition 5.14. The involution [3 on M induced by the involution [3 on M as in 
vrovosition \5.8\ satisfies [3{Mq) C Mq and Fix((3\j^ Q ) ^ 0. Further, the involution 
t on U = S x G restricts to an involution tq on G, which is of maximal rank if f 
is of maximal rank. The involution [3\^ is compatible with the action of G on Mq 

and the momentum map fie '■ Mq G. Denoting by Qq the connected component 
of Fix(TQ ) containing 1g, then n(Fix((3\-^ )) n Qq ^ 0. 

Proof. Observe that r(G) C G because g = [u, u]. Now, as in the proof of theorem 
15.101 we start with a path (xt)te[o,i) going from xq £ M (the same xq used to define 
Mq in proposition ^. 13p to some fixed point x\ of satisfying n(xi) £ Qq C U. We 
can lift the path u t = fi(xt) £ U to a path u t £ U starting at (lg, Xg) £ U . The 
path (xt,ut) is then a path in M starting at (xq, Xg, Xg) £ Mq and is therefore a 
path in Mo. Since ju(Mo) C {Is} x G, the path (u t ) is of the form u t — (Xs,gt)- 
Then, (x\,Xs, gi) is a fixed point of (3 which is contained in Mq. Since Mq is 
connected and contains a fixed point of f3, we have (3{Mq) C Mq, and, as in the 



Since G is simply connected, we can now apply the real convexity theorem 15.11 
to (Mq,uj,hg ■ Mq — > G) and we obtain: 

Theorem 5.15. Let {U,t) be an arbitrary compact connected Lie group endowed 
with an involutive automorphism of maximal rank r and let (M,u>,/i : M — > U) 
be a connected quasi- Hamiltonian U -space such that /i -1 ({l[/}) ^ 0. Let (3 be a 
compatible form-reversing involution on M whose fixed-point set Fix{(3) is non- 
empty and has an image under fj, that intersects the connected component of Xjj in 
Fix(r~) C U . Assume that the center 2{U) of U acts trivially on M. Then: 



Proof. Denote by U = S x G the finite cover of U where S C Z(U) is a torus 
and G C [U,U] is compact connected and simply connected. Since S C Z{U), 
S acts trivially on M and since it is in addition an Abelian group, we have seen 
that it also acts trivially on the lifted quasi-Hamiltonian space M = M U 
introduced in proposition 15.51 Propositions 15.121 15.131 and 15.141 then show that 
we have a connected quasi-Hamiltonian G-space (Mq,uj, hg '■ Mq — > G) containing 
points of fj,Q ({Ig}) and fixed points of f3, whose image is in addition contained 
in the connected component of Iq in Fix{TQ) C G (where tq is the involution 
of maximal rank of G induced by the involution r of U). Moreover, we have 
Jl{Mq) C {Is} x G. Since G is compact connected and simply connected, we 
can apply corollary 15.31 and conclude that Fix(f3\^j o ) n /iQ 1 ({lc}) ^ 0. Take now 
(x,c,Xg) £ Fix(f3\^j o )r\fi G 1 ({lG})- Since Jj,(M ) C {Is} x G, we have in particular, 

c = Is. Consequently, (i(x) = 7r(ls, 1g) — 1(7- And since (x, I5, Xq) £ Fix(f3), we 
have in particular (3(x) = x. Hence x £ Fix{(3) Pi h~ 1 ({Xjj}), which is therefore 
non-empty. □ 

As a consequence of all this, we have: 

Theorem 5.16 (Existence of decomposable representations, (III)). IfU is an arbi- 
trary compact connected Lie group, there always exist decomposable representations 
of^g.i = 7Ti(E 5 \{si, ... , si}) into U. 
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Proof. The proof follows from applying theorem 15.151 to the quasi-Hamiltonian 
space M = (U x U) 9 X C\ x • • • x Ci, on which the center Z{U) of U acts triv- 
ially (since the action of U on M is the diagonal conjugation action) and from the 
characterization of decomposable representations obtained in theorem 14. 121 □ 

We now have all the ingredients that we need to obtain Lagrangian submanifolds 
of the representation spaces M g ,i = Home(7r 9! ;, U)/U. The fact that there always 
exist decomposable representations will be used under the form Fix{[3) ^ 0, where 
(3 is the involution induced by (3 : M — ► M on M g ,i = Mj j\J . Let us mention here 
that the results of this section, specifically theorem 15. 16[ give an alternative proof 
of the existence of decomposable representations of ni(S 2 \{si, ... , si}) into U(n), 
a result first obtained by Falbel and Wentworth in [TT] , by methods of a completely 
different nature. 

6. The Lagrangian nature of decomposable representations 

In this section wc will achieve the goal of this paper, which is to give an example 
of Lagrangian submanifold of the representation space 

M a ,i = Hom c (7r^, U)/U = (U x U) 9 x & x ■ ■ ■ x d//U 

associated to the surface group 

n g ,i =7n(£ a \{si J ...,sz}) 

where T, g is a compact Riemann surface of genus g > 0, where si, ...,s; (with 
/ > 0) are I removed points, and where U is an arbitrary compact connected Lie 
group. We then give an interpretation of this Lagrangian submanifold in terms 
of decomposable representations. Finally, we study more carefully the relation 
between decomposable representations and irreducible representations. 

6.1. A Lagrangian submanifold of the moduli space M. g j,. Recall from def- 
inition 11.11 that a stratified Lagrangian subspace of a stratified symplectic space is 
a non-empty subset whose intersection with a given stratum, if non-empty, is a 
Lagrangian submanifold of the considered stratum. In section we introduced, 
assuming the presence of an involutive automorphism of maximal rank r of U (see 
definition ^. ip . a notion of decomposable representation of n 9l i into U (see definition 
I2.6|) and then showed in section [1] that there exists an involution /3 (see definition 
P]) on the quasi-Hamiltonian space 

M = (U x U) 9 x d x ■ ■ ■ x Ci 

(where C\, ... ,Ci are I conjugacy classes of U) such that a representation 

(a,b,c) := (ai,h, ... ,a g ,b g ,ci, ... ,c{) 

of Tt g j into U is decomposable if and only if f3(a,b,c) — tp.(a,b,c) for some tp 6 
Fix(r~), where is the involution t~(u) := r(u _1 ) of U (see theorem 14.121) . 
Recall that the representation space we are interested in is the quasi-Hamiltonian 
quotient 

M g ,i =M//U = fi- 1 ({l})/U 

where /i is the momentum map 

fj, : {U x U) x • • • x (U x U) x d x • • • x C t — > U 

(oi,6i, ... ,a g ,b g ,ci, ... ,ci) i — > [ax,b\\...[a g ,b g ]c 1 ...ci 

In order to find a stratified Lagrangian subspace of M- g ,i 1 we will now use the 
considerations of subsection 13.21 More precisely, we will show that f3 induces an 
involution f3 on M//U and that Fix((3) is a stratified Lagrangian subspace of M. g ,i- 
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Theorem 6.1 (A stratified Lagrangian subspace of M g j). For any compact con- 
nected Lie group U , the involution (3 : M —> M induces an involution (3 on the 
moduli space M. g .i = Home(7r ffi ;, U)/U of representations of the surface group 
-K g j = 7Ti(S s \{si, ... ,sj}) into U whose fixed-point set Fix(f3) is a stratified La- 
grangian subspace of Ai g j. In particular, for a generic choice of conjugacy classes 
(Cj)i<j<i, the set Fix(p) is a Lagrangian submanifold of the smooth symplectic 
manifold M 9y i (1>X). 

Proof. Compatibility of our (3 with the diagonal conjugacy action of U on M, and 
with the momentum map fj, above, was verified in proposition 14.101 Consequently, 
by proposition 13.51 it induces an involution [3 on M. a ,i- We also showed in propo- 
sition 14.101 that j3 reverses the 2-form defining the quasi-Hamiltonian structure on 
M = (U x U) 9 x Ci x • • • x Ci (this was a consequence of the procedure for construct- 
ing form-reversing involutions on product spaces given in proposition ^ . 1 3| ) and that 
/j,(Fix(@)) intersects the connected component of Fix(r~) containing 1 G U, Since 
the center of U acts trivially on M = (U X U) 9 x C\ x • • • x C; (the action of 
U being the diagonal conjugacy action), theorem 15.151 applies and shows that we 
have Fix{(3) n 7^ an d consequently Fix(f3) ^ 0. Proposition 13.101 then 

shows that if Fix(f3) intersects a given stratum Xj = (jtt _1 ({l}) H Mk^/Lk* of 
Mg.i = Mj /U, then this intersection is the fixed-point set of an involution of the 
symplectic manifold Xj-. Fix{(3) n Xj = Fix(P\xj)- Since (3*w = —uj on M, $\x< 
is anti-symplectic. Therefore, if its fixed-point set is non-empty, it is a Lagrangian 
submanifold of Xj. □ 

6.2. An interpretation of Fix((3) in terms of decomposable representa- 
tions. Since the involution j3 on M = (U X U) 9 x C\ x • • • x C; providing the 
above example of a stratified Lagrangian subspace in A4 g j = M//U character- 
izes decomposable representations of ir g j into U (see theorem I4.12[) . it is natural 
to try to understand the relationship between the stratified Lagrangian subspace 
Fix{j3) and the set of equivalence classes of decomposable representations of 7r Si ;. 
By proposition ^. 8[ a representation (a, b, c) is decomposable if and only if it. (a, b, c) 
is decomposable for any u G U . We may therefore denote by £ C M. g ,i the set of 
equivalence classes of decomposable representations of n g j. By theorem 14.121 we 
have: £ C Fix{(3). We can in fact be more precise. Recall from proposition 13. 101 
that we have the following description of Fix(f3): 

Fix{[3)= [J Fix0\ Xj ) 

which we may rewrite under the following form: 

Fix0) = ( □ Fix($\ Xi )) U ( U Fix0\ Xj j) 
jeJi jeJ 2 

where J\ = {j G J \ t(Kj) = WjKjiuJ 1 for some Wj G Fix(r~)} and J2 — 
{j G J I r(Kj) ~ Kj}\Ji. Then, for each j G Ji, there exists, by proposition 
13.111 an involution /3k } '■= w~ l ./3 : Mk } ~ * Mk } an d an involutive automorphism 
:= Ad wJ 1 ot : U — > U such that (3k j is compatible with tr^ and the momentum 
map fij : Mk } — > U, and such that Fix{j3\xj) = Fix((3Kj)- We then have, still by 
theorem f4.12l £ C Uj e ,/ 1 Fia;(/3|x J ■)■ Observe here that each Fix{(3\xj) is a union of 
connected components of Fix{[3) and that it is a (smooth) Lagrangian submanifold 
of Xj = (/^({l}) n Mk j )/Lkj ■ The natural question to ask is then: does one 
have the converse inclusion Uj^j 1 Fix(f3\x j ) C £1 We now point out a number of 
cases in which this is true. 
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Proposition 6.2. Take g > and I > 1. Let U = U(n) and M = (U x U) 9 x C\ x 

■ • • X Ci with Ci C U (n) a conjugacy class defined by pairwise distinct eigenvalues. 
Then: 

(i) for any isotropy group K = Ui a> b,c) °f a point (a, 6, c) £ M , the group t(K) 
is conjugate to K by a symmetric element of U (that is, J\ = J). 

(ii) if (3(a,b, c) = ip.(a,b,c) for some <p E U then necessarily tp £ Fix(r~). 

(iii) The set £ of equivalence classes of decomposable representations ofir g j into 
U is exactly Fix(p). 

Proof. The proof will show that the above proposition is true for an arbitrary 
compact connected Lie group U with C/ the conjugacy class of an element di E U 
whose centralizer Z(d{) is a maximal torus T of U. Since r is assumed to be of 
maximal rank, we may assume that this maximal torus is contained in Fix(r~). 

(i) Let K be the isotropy group of some (a,b,c) £ M. By assumption on Ci, 
there exists a ip G U such that di := ipcitp -1 € T and Z(d{) = T (that 
is, di is diagonal with pairwise distinct eigenvalues). Take then k £ K. 
In particular kcik~ x = c\ hence ipkip -1 £ Zijpciip^ 1 ) = Z{d{) = T. 
Since T C Fix{r~), this implies t~ (ipkip -1 ) = ipkip^ 1 , hence r~(fc) = 
(T-(ip)ip)k(T-(i>)ip) T 1 and therefore 7-(iT) = (r"^)^)-^^-^)^)" 1 , 
with (t~(V>)V0 6 Fix(r~). 

(ii) Suppose that j3(a,b,c) — tp.{a,b,c) for some tp <E U (that is, [a, 6, c] £ 
Fix((3)). Then in particular t~(q) = ipciip" 1 . Hence t~ (i/) -1 ^^) = 
(p(^~ 1 diip)tp~ 1 , where t/> and (i; are defined as in (i). Then T~{di) — 
(T(ip)(pi[>~ 1 )di(T(-ip)(pip~ 1 )~ 1 . But r~(di) = di, hence 

and therefore (/? £ T~(ip)Tip C Fix(r~) since T C Fix(r~). 

(iii) We already know that £ C Fix((3). The above shows that if [a, 6, c] £ 
Fix(f3) then f3(a,b,c) — tp.(a,b,c) with £ Fix(r~). By theorem 14.121 
(a, 6, c) is then decomposable and we therefore have Fix(f3) C £. 

□ 

In particular, one gets the following result as a corollary of the above: 

Corollary 6.3. For a generic choice of conjugacy classes C\, ...,Ci, the moduli space 
■Mg^i (I > 1) is a smooth symplectic manifold and the set £ of equivalence classes 
of decomposable representations is a smooth Lagrangian submanifold ofMgj which 
coincides with Fix{[3). 

Likewise, there is another special case in which £ = Fix{(3): 

Lemma 6.4 ([12 ). If U acts freely on /i -1 ({l}) then P(a,b,c) — (p.(a,b,c) for 
some ip £ U implies (p £ Fix(r~ ). 

Proof. This is a general lemma on Hamiltonian and quasi-Hamiltonian quotients. 
One has (3(a, 6, c) = y.(a, 6, c) hence 

(a, b, c) = /3 2 (a, b, c) = /%.(a, 6, c)) = r((p).(3(a, b, c) = T(tp)(p.(a, b, c). 

Since the action of U is free, this implies T(tp)ip = 1 hence r~(ip) = p. □ 

Then, as in point (iii) of proposition 16.21 the condition [a, 6, c] £ Fix{(3) implies 
/3(a, b,c) = ip.(a,b,c) with ip £ Fix(r~), hence by theorem 14.121 [a. b. c] £ £. As an 
example of a group U acting freely on ^t -1 ({l}), consider U = PU{n) acting on 
M. g ,i with / > 1 and for a generic choice of conjugacy classes: in this case, one has 
U( a ,b.c) = 2(PU(nj) = {1} for any representation (a,b,c) £ /i _1 ({l}). In general 
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though, the action of U on is not free for representations spaces of surface 

groups. But since the strata of M//U are of the form Xj = (/x _1 ({l}) HMk^/Lk^ 
with Lk } acting freely on Mr* , one gets similarly: 

Proposition 6.5. Take j G J\ and [a, 6, c] G Fix0\x<) = Fix{j3K j ) C Xj. Then 
(3k j b, c) = ipj.(a,b,c) for some ipj G M{Kj) satisfying T~(tpj) = <fijkj, kj G ifj. 

Proof. Assume that the equivalence class [a, 6, c] of a representation (a, 6, c) G 
({1}) lies in -Fia^/JIx.,- ) for some j G J\ . In particular, this means that we can as- 
sume that the isotropy group of (a, 6, c) is exactly Kj: (o, 6, c) G Mg, . Since j G Ji, 
T(Kj) is conjugate to ifj by a symmetric element G Fix(r~) and we recall from 
proposition ^. Ill that (3k ) = w^.-ft '■ Mrj —* Mk, and tk a — Ad wj 1 or. Then, the 

fact that [a, b, c] G Fix(f3\x j ) = Fix{(3K 6 ) yields /3k, (a, 6, c) = [<^].(a, 6, c) for some 
[<^j] G Lkj = Af(Kj)/Kj.We also denote by tk } the involution induced by tk } on 
L^. (see lemma l3~T!?T) . We then have (a,b,c) — (3 K .(a,b,c) — (3k ) {[<Pj]-( a , b, c)) = 
T K j {YPj])-(3K j {a,b,c) = T Kj ([ipj])[ip.j\.{a,b,c). Since the action of L Kj on Mj^ is 
free, one then has t^- ([tpj]) = [<fj], which means that T^.{ipj) = fjkj for some 
kj G Kj. Finally, since Kj stabilizes (a, 6, c), one has (3k (a, b, c) = (pj.(a,b,c). □ 

Remark 6.6. J/ one /ia<i fcj = 1 m i/ie above, one would get ipj G Fix(r^,) which 
by definition of (3k j o,nd tk 4 would translate, using the fact that Wj G Fix{r~ ), to 
P(a,b,c) — (wjtpj).(a,b, c) and T~{uij(pj) = Wjtpj. Theorem \4.12\ would then show 
that (a, 6, c) is decomposable. 

Remark 6.7. Proposition 1 6'. 51 combined with theorem \4-l%\ also says that if one 
thinks of (a, 6, c) G -M#. (which implies a,-, &,-,Cj G Af(Kj)) as a representation of 
■Kg.i into L-Kj then it is a decomposable one. Thus, in some sense, the strata of the 
stratified Lagrangian subspace Fix{[3) C M.g.i consist of (equivalence classes of) 
decomposable representations. 

6.3. Decomposable representations and irreducible representations. We 

end our study of decomposable representations with remarks on the relation this 
notion bears to the notion of irreducible representation. If U is an arbitrary compact 
connected Lie group and Z(U) is the center of U, the elements of f)Mz(u) 
are called irreducible representations of 7r ffi ; into U (if U C Gl{V) is a group of 
linear transformations, those are indeed irreducible representations in the usual 
sense). Since Z(U) is the smallest possible isotropy group of a point (a, b, c) in 
M = (U x U) 9 X C\ x • • • x Ci, equivalence classes of irreducible representations 
constitute the stratum of maximal dimension of A4 g j = M//U (see [13]). This 
stratum is called the principal stratum. We then observe: 

Proposition 6.8. If (a,6, c) G /i _1 ({l}) PI Mz(u) * s an irreducible representation 
of-Kgj, then so is (3{a,b,c). More generally: (3(Mzaj)) — Mzim- 

Proof. By proposition 13. 7\ one has Upr a \> c ) = T(^(a,f>,c)) — t{Z{U)). But then 
t(Z(U)) = Z(U) since r is an involutive automorphism of U. The proposition 
follows. □ 

The natural question to ask is then: does the principal stratum of M/ /U always 
contain decomposable representations? In other words, do there always exist ir- 
reducible representations which are decomposable? In [11] , Falbel and Wentworth 
showed that, when g = 0, I > 1 and U = U(n), there always exist irreducible 
decomposable representations. Their proof relies on an explicit computation of 
dimension in that particular case. Here, we treat another special case. 
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Proposition 6.9. If g > 1 and I = 0, then there always exist decomposable repre- 
sentations in the principal stratum of A4 g l = A4 gj o- 

Proof. To show the existence of decomposable representations in the principal stra- 
tum of M. g ,i, it is sufficient to apply theorem l5.16l to the quasi-Hamiltonian [/-space 
Mz(u)- And to do that, all one has to prove is that there exists a fixed point of 
(3\m z{u} whose image under [i lies in the connected component of 1 in Fix(r~). 
Recall that here M = (U X U) 9 . Take {a\,b\, ... , a g , b g ) = (ri, r(ri), ... , r g ,r(r g )) 
where r, G 2(C7) for t > 2 and n G 77 such that f/ ri = i?(£7). Then (a, b) G M z ^ 
since C/ ri = Z(U) and f3(a,b) = (a,b) since the rj and the r(r,-) commute to ev- 
erything for i > 2. Moreover, /i(a, 6) = ?tt(?t)7' 1 ~ 1 t(?t)~ 1 = {rir{r\))T~ (rir(ri)) 
does indeed lie in the connected component of 1 in Fix(r~). □ 

Thus, if either (g = and I > 1) or (g > 1 and Z = 0), then there exist decom- 
posable representations in the principal stratum of M. g ,i, that is, decomposable 
representations of ir g j into U which are irreducible. We do not know whether this 
is true for abitrary g and I. However, when {g > 1 and I > 1) and for a generic 
choice of conjugacy classes (Cj)i<j</, the moduli space M g j (I > 1) is a smooth 
manifold, thus equal to the above-mentioned principal stratum: if Mz(u) 
then all representations are irreducible. Since by theorem 15.161 there always ex- 
ist decomposable representations, these are irreducible. By corollary 16.31 the set 
of equivalence classes of decomposable representations is then exactly Fix([3), a 
Lagrangian submanifold of M g .i- 

7. Application: a compact analogue of the Thompson problem 

In this section, we give an application of our results to a matrix problem: given 
I conjugacy classes C±, ... ,C/ of the unitary group U(n), when do there exist I uni- 
tary matrices A\, ...,Ai £ U(n) such that A^Aj <G Cj (where Aj designates the 
transpose matrix of Aj) and A\...Ai = 1? 

First, let us explain why we call this problem a compact analogue of Thompson's 
problem. Starting from the compact connected Lie group U — U(n), the complexi- 
fied group is G := U c = Gl(n, C). The involutive automorphism : g G Gl(n, C) 

satisfies Fix(9) = U(n). The non-compact dual of U(n) in Gl(n, C) is the 
group H = Gl(n,M.): it satisfies G = Fix(r) with r : g G Gl(n,C) *—> g and 
toO = Oot. Since to 6* = 8 or, the involutive automorphism restricts to Gl(n, M), 
and the involution 9~{h) := ^(ft, -1 ) is equal to 9~ : h G Gl(n,M.) i— > /i*. We can 
then ask the following question: given I conjugacy classes C\, ...,C; of Gl(n,M), 
when does there exists I invertible real matrices h\, ... ,hi G Gl(n, R) satisfying 
8~(hj)hj = hjhj G Cj and hi. ..hi = 1? This problem is known as the real Thomp- 
son problem: the condition hjhj G Cj says that hj has prescribed singular values. 
The complex Thompson problem is formulated in Gl(n, C), asking when there exist 
<7i, ... ,3; G Gl(n,C) satisfying 9~(gj)gj — g*gj G Cj and g\...gi = 1. The compact 
analogue of this problem is the corresponding question when one replaces the in- 
volution 6 on H with the involution r on the compact group U. We now recall the 
following theorem of Klyachko in [19] : 

Theorem 7.1 ([IH])- Consider Ai, ... , A; G W l . Then the following statements are 
equivalent: 

(i) There exist I invertible complex matrices g\, ... ,gi G Gl(n,C) such that: 

Spec(g*gj) = exp(Aj) and g\-.gi = 1. 

(ii) There exist I complex Hermitian matrices Hi, ... , Hi G TL{n) such that: 

Spec Hj = Xj and Hi + ■ ■ ■ + Hi = 0. 
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(iii) There exist I invertible real matrices hi, ... ,hi £ Gl(n,R) such that: 

Spec (h^hj) = exp(Xj) and hi. ..hi = 1. 

(iv) There exist I real symmetric matrices Si, ... , Si £ S(n) such that: 

Spec Sj — Xj and Si + 1- Si = 0. 

The equivalence of (i) and (ii) is Thompson's conjecture. It was first proved by 
Klyachko in [19] and then proved using symplectic geometry in [3] . Statements (iii) 
and (iv) are real versions of (i) and (ii), respectively. We refer to [3] to see how 
the equivalence of (ii) of (iv) relies on a real convexity theorem for Lie-algebra- 
valued momentum maps. For a thorough treatment of the Lie-theoretic approach 
to Thompson's conjecture, we refer to the work of Evens and Lu in [lOj . Finally, we 
refer to [TH] for necessary and sufficient conditions on the Xj for problem (ii) (and 
therefore any of the other three) to have a solution. These conditions are linear 
inequalities satisfied by the Xj . 

For the compact Thompson problem that we formulated at the beginning of this 
section, the complex version should be formulated in the compact group U x U C 
G x G — G c . For further details in this direction, we refer to [55] , where we also 
explain formally what the expression real version of a problem means. We will now 
prove a theorem that provides an answer to the question asked at the beginning of 
this section: 

Theorem 7.2 (An application to a matrix problem). Consider Xi,... , Xi £ R™ . 

Then the following statements are equivalent: 

(i) There exist I unitary matrices u t ... ,ui £ U(n) such that: 

Specuj = exp(iAj) and ui...ui = 1. 

(ii) There exist I unitary matrices Ai, ... , Ai £ U(n) such that: 

Spec (A* A,) = exp(iXj) and A1...A1 = 1. 

Proof. Let Cj be the conjugacy class of exp(iAj) £ U(n). Assume first that 
Ai....,Ai £ U(n) satisfy A)Aj £ Cj and A1...A1 = 1. Set u t = A\A h = 
AXA^At-MA*)- 1 , ... , and m = {A 2 ...A l )\A\A 1 )({A 2 ...A l ) t y 1 . Then Uj £ Cj 
for all j and 

ui... Ul = (A 2 ...A l ) t (A 1 ) t Ai(A 2 ...A l ) 
= {A 1 ...A l ) t {A 1 ...A l ) 

= 1 

which proves that (ii) implies (i). 

Conversely, consider u\, ... ,ui £ U(n) satisfying Uj £ Cj and U1...U1 — 1. This 
means that the momentum map 

fj, : Ci X • • • X Ci — > U (n) 
(ui, ...,u{) 1 — > U1...U1 

has a non-empty fiber above 1 £ U(n). The Lie group U(n) is endowed with 
the involution t(u) = u (therefore t~(u) — it*). Since the center of U{n) acts 
trivially on the quasi-Hamiltonian space Ci x • • • x Ci , theorem 15.151 applies and 
shows that Fix(/3) n /i _1 ({l}) ^ 0, where (3 is the involution on Ci x • • • x Ci 
introduced in definition PTT1 Consider then (wi , ...,wi) £ Fix((3) H^ 1 ({!}). Then 
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(3(wi, ... ,wi) = (wx, ... ,wi), that is: 

w\ = wi 

(w2--Wi) t w\((w 2 .:Wi) t ) 1 = Wi 

Since Fix(r~) C U (n) is connected (every symmetric unitary matrix is of the form 
w = exp(iS) where S is a real symmetric matrix), we can write wi = A\A\ for some 
A E U (n) (take for instance A = exp(il-)). Using the above equations, we can then 
write A t l Aiw\_ 1 Ai 1 {A\y 1 = wi- 1} that is: 

((Afrv^j)' = 

and we can therefore write 

(A^wt^Al = AUM^ 
for some G U(n). Continuing like this, we obtain, for all j G {2, ... , n}: 
(3) {{A j+1 ...A l ) t y l w j {A j+l ...A l ) t = A]A r 

In particular, AjAj G Cj for all j > 2. We then set A x := (A 2 ...Aiy 1 . Then: 

(A 2 ...Ai)\A t 1 A 1 )((A 2 ...Ai) t y 1 
= (A 2 ...Ai) t ((A 2 ...Ai)- 1 ) t (A 2 ...Aiy 1 ((A 2 ...Aiyy 1 
= {{A^.AiYiA^.Ai))- 1 
= (A t l ...A t 3 (A t 2 A 2 )A 3 ...Ai)- 1 
(using Q) - (A t l ...A t 3 ((A 3 ...Ai) t y 1 w 2 (A 3 ...Ai) t A 3 ...Aiy 1 

" v ' 

=1 

(by induction) = (^w 2 w 3 ...wi)~ 1 

— Wl 

since wi...wi = 1. In particular, A\A\ is conjugate to w\ and therefore A\A\ G Ci. 
Since Ai...^4; = 1 by definition of A\, this shows that (i) implies (ii). □ 

Observe that the most important part of the proof is the use of theorem l5.15l to 
ensure the existence of some (u>i, ...,wi) G Fix(/3) fl/i -1 ({1}) (which, in our termi- 
nology, means that there exists decomposable representations of the fundamental 
group 7Ti(5 2 \{si, ... ,s;}) of the punctured sphere). As we have seen in section[5l 
this ultimately relies on the real convexity theorem for group-valued momentum 
maps 15.11 just as the proof of theorem 17.11 given in [S] ultimately relies on a real 
convexity theorem for Lie-algebra-valued momentum maps. Finally, as for Thomp- 
son's problem, precise conditions on the Xj above for statement (i) to be true are 
already known (we refer for instance to pQ): these conditions are linear inequalities 
in the Xj . 
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